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NOMENCLATURE

reflector thickness

symbol for the core

symbol for the reflector

subscript for radial coordinate (i = 1,2,3,4,

subscript for axial coordinate mesh points (j

radial coordinate
axial coordinate

h =2z, - 2. ., lower axial increment
zj-l j =1

diffusion coefficient
core height

h =r, - r, ., left radial increment
riy i i~1

4 4
r, - (ri + R/2)

2 2
ry - (ri + R/2)

3 s . 3

r; (r, + r/2)

- Iy right radial increment
z. 541 - Zj’ top axial increment

material buckling

H
5 + b

=1,



Ml

Pl

[«

I(xr,2)

¢ (r,z)

Za(r,z)

Zf(r,z)
(c)
za

iv

modified Bessel's function of the first kind of

zero order

Bessel's function of zero order

modified Bessel's function of the second kind of
zero order

modified Bessel's function of the first kind of

first order |

modified Bessel's function of the second kind of
first order

diffusion length in the reflector

(r; - 1/2)% - r;.l_

o 2 _ .2
(ri L/2) ry

3 3
(ri - L/2)° - rj

core radius

(2.405/R") /2

average number of neutrons released per fission'

e)

(e)
X a vzf

neutron flux

(e) )
[:(zae /Dg) + u]

macroscopic absorption cross section

1/2

macroscopic fission cross section

macroscopic absorption cross section in the core



Z;e) = macroscopic absorption cross section in the
reflector
¢.({r,z) = neutron flux in the core

neutron flux in the refiector

¢ (r,2)



I. INTRODUCTION AND LITERATURE REVIEW

In most practical cases, it is difficult to find an
analytical solution to the mathematical problems encountered
with reactor physics calculations. In such cases, it is
necessary to satisfy appropriate boundary conditions on the
boundary of a specified region and to match the continuity
requirements within that region. Analytical methods work in
certain special cases but are of no practical use in many
cases. However, many devised numerical methods have been
developed to deal with such cases, especially for the complex
reactor configurations where there is almost a continuously
varying distribution of materials in the reactor.

In one group theory, the static neutron diffusion equation
in two spatial dimensions for a critical reactor may be

written [1l] as
VeD(r,2z)V¢(r,z) - Z(x,2)¢(xr,2) =0

where I{r,z) = Za(r,z) -y Zf(r,z)

The above equation may be solved apéroximately by finite-
difference methods which could be obtained using a Taylor's
expansion method or a variational method [2].v

In this numerical approach, the technique is to replace
the continuum model by a discrete model, i.e., to replace the

linear partial differential equation by an algebraic system of



simultaneous linear difference equations. In a typical
practical problem these may require a set of 2000, or possibly
more, simultaneous linear equations which must be solved using
a large digital computer [3].

The five-point [2] and the nine-point [4,5,6,7] finite
difference equations for the static neutron diffusion equation
have been formulated in xy-geometry. Also, the five-point
finite difference equations for the time independent neutron
diffusion equation have been formulated in r-z cylindrical
geometry for equal and nonequal spacing [3,1,8].

In the present work, the nine-point finite difference
equations for the static neutron diffusion equation, con-
sidering unequal spacing in r-z cylindrical geometry, have
been devised. The nine-point grid of Fig. 1 has been chosen
[6] in order to expand the neutron flux at the corners about
the point (ri,zi). Another nine-point grid is possible but it
requires one to impose additional continuity conditions to
meet the cases where some of the derivatives are not continuous
across interfaces. However, important aspects to consider in
the formulation of the nine-point technigue is to insure
higher accuracy for the solution of the finite difference
equations.

The strategy of solving the finite difference equations
depends specifically on the iterative scheme. For elliptic

systems, the iterative schemes may be categorized as stationary



and nonstationary iterations. However, the main predominant
methods in solving elliptic difference equations are successive
overrelaxation (SOR) iterative techniques and alternating-
direction-implicit (ADI) iterative technigues [9]. 1In this
work, successive overrelaxation has been used without any

attempt to optimize the SOR parameter.



II. THEORY
A. Neutron Diffusion Equation

The basic steady state neutron diffusion equation in a

nonhomogeneous medium is:
~VeD(r,z)V¢(r,z) + I(r,z)o(r,2) - S{r,z) =0 (1)

The leakage term can be expressed in cylindrical geometry,

r-z coordinates, as

13 d d )
~VeDV$ = - = o= (D°r ar} - [D 3%] (2)

Insertion of relation (2) into Eg. 1, results in

19 (p.. 0| _ 3¢ _3_9] S - 8 =
r Br(D r Br] az(D 92 + 19 §=0

/

In the absence of extraneous source, the equation after

multiplying both sides by r may be written as
9 3¢ ) 0¢
== |Dex + = |D°r - rx¢p =0 3
or or) z 9z ¢ (3)

In this case any fissioning occurring in the medium has to be
contained within the term I¢ of Eg. 3. Thus, Eq. 3 is a

homogeneous equation.



'B. Formulation of Finite Difference Equations

The one-group neutron diffusion equation in two spatial
variableé is considered over region R in a physical system
such as a nuclear reactor. This region contains a homogeneous
finite-connected number of sub-regions, R, (n=1,2,3,4), as
shown in Fig. 1. The increments and the coordinates of the
points in Fig. 1 may be written as follows:

1. Increments O(h):

ripg ~ %3 = hri = R Right
r, - Y. = h =L Left
1 i-1 - ri 4

zj+l - zj = hz. =T Top

3
2. = 2. = h = B Bottom
3 j-1 Z5-1
2. Coordinates:

o = [ri ’ zj]

-~ - f __R_ 74 ]

a - L.l.i + 2 r -Jj,.

i J
_ L T
e.—_[rl -2-, ZJ+-§]
: --E
f = [ri 5 zj]
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Fig. 1. Mesh structure in the interior



gE[r-E Z_E]
i~ 7% 73

= - B

k = [ri ' zj 21

- R B

bEdrg v g2y 3l

The region parameters Dn’ L., and an are material property

an
parameters which are nonnegative and piece-wise continuous in
sub-region, Rn. Discontinuities do exist at interfaces between
dissimilar media. However, the parameters are usually
constants within the region R and the neutron flux and its
derivatives are continuous over the region, R, [2]. Thus,
these assumptions allow one to perform the surface integral of

Eq. 3 for the region R, over the volume of a reactor generated

by rotating the rectangular region R about the z-axis (2wrdrdz)

...%E(Dn.r %%l + %E[Dn-r g%ﬂ - r2n¢(r,z;]drdz =0 (4)
J= B

R

n

Consequently, the previous assumptions permit the application
of Green's theorem in order to transfer the surface integral

into a line integral around the boundary Ln of the sub-region
R oriented in the direction as shown in Fig. 1. Hence, Eq. 4

may be written as



§ Dn[f[:%f(r %%J + %E[r %%]] drdz - gl f[ “n r¢(r,z)drdz = 0

n n

(5)

C. Application of Green's Theorem on the Leakage Term

Green's theorem can be applied in order to convert the
leakage term of Egq. 5 into a line integral. Green's theorem

may be expressed as [10]

[{ (%% - %%] drdz = { [M(r,z)dr + N(r,z)dz]

Rn Ln
where 3 (r, 2)
N(r,z) = r —Q§E+——
and
Mir,z) = -r iggiigl

Thus, the leakage term of Eq. 5 may be written as

oN oM _
Dn [‘ {-3? - ‘ﬁ] drdz =
1 n
Ry In
The right hand side of Eg. 7 may be expanded as

e~
o~

D j (Mdr + Ndz] (7)
1 n



4

n=1

) Dn [ [Mdr + Ndz] =AD1 J - 3% dr + r 2% d{]

0 9
Ln Ll
+D2“_£-r-g#2-dr+r—g%dzj+D3’Er%%dr+r—g%dz]
) Lj
+D4‘Er%%+r%%dz] (8)
L

4

D. Evaluation of the Line Integrals

The line integrals in Eg. 8 can be evaluated using the

following techniques:

l.

The neutron flux, ¢(r,z), has continuous partial
derivatives in a neighborhood R for the point
(ri,zi) in the (r,z) plane. Thus the neutron flux
can be expanded about the point (ri,*.) using a

]
Taylor's expansion for functions of two variables [8]

¢ (r,z)

3 1 m
i " [(r-ri)Dr + (z—zj)Dz] ¢(ri.zj)

m=0

+ { v D o}
V& RS o

1 2.2
o i'0pt + (2 Zj)Dzd)o + 3lr-r )DL,

A
v

<+

—_

B

-y

[\

-
|

1 2.2 1 3.3
+(r—ri)(z—zj)Drz¢O+ E(z-zj) Dz¢o+€(r-ri) Dr¢o

3

R 2, _ 1, _ 3 4
r 2(r ri) (z Zj)Drrz¢o + 6(z zj) Dz¢o + 0(h’)

(9)
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where

<
"

=9 -
¢(rirzj) = ¢O' Dr - ar ’ D - a

33 3

rrz _ 9roroz ' and Drzz = §rozoz

2. The partial derivatives, Qggiail and 39;;,2)'

can be obtained by differentiating the flux ¢(r,z)

in Eg. 9 with respect to r and z, respectively, that

is
¢ (r,z) _ _ 2 _
_igf’—_ = Db, + (r-z;)D ¢, + (z zj)Drz¢o
1
t 3 (r—ri)(z-zj)Drrzd)0
1 2 3
t 5 (z—zj) D b * o(h™) (10)
and
QQ%ELEL =D 9 + (r-ry)D. ¢, * (Z°Zj)D§¢o

+ 1 (e-r) % + 3lo-r;) (z-2,)D_ ¢

rrzd)o rzz o

1 2 .3 3
+ 5 (z—zj) Dz¢o + 0(h™) (11)
Therefore, Eiéﬁizl and QE%ELEL, can be evaluatgd at the

. R T
points (ri + 3 z~zj), (ri - =, z-zj), (r—ri, z + 7), and

S Y

B
(r-ri, zj ‘ Z)' The results are
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9¢ = R 2 -
or R Dpdg + 3 Dpbo * (2723)Dp50,
r=r.+z
2.
R 3 R
1 2
+ 5 (z—zj) Dyzz%0 (12)
99 =D ¢ - L D2¢ + (2=-2.)D__¢_ + EE D3
3t 1 r‘o 2 “r'o j’""rz’o 8 r%
r=r,-=
i 2
L 1 2
7 (272500 .0, + 3 (2 Zj) Brzzlo (13)
a¢ - _ ‘ T 2 l LT 2
0z T Dybg + (r=ry)Dpydy + 3 Dpdp + 5 157T3) " Dypgly
2=27 ,+> |
2
T T2 3
t 5 (r-r.) D_ ¢, + 5= D 9, (14)
3 - ; - Bp%p 4L (rr?
-0 ) = Do, + (r ri>DrZ¢o 5 D ¢, + 5 (xr ri) Drrz¢0
z=z'_.-
j 2
- B (r-r,) D__ ¢ +5?1D3¢ (15)
2 i rzz'o 8 270

3. The continuity of the neutron current density can be
applied at material interfaces in ordetr to eliminate
the forward and backward line integrals along the

same paths. This may be visualized as follows:



But Dl[%%] = D4[%%] because the neutron current density is
R R
1 4

a continuous function across material interfaces. Thus,
r[-D 3¢ dr + D 29 dr] = 0. Similar relations
1i9z 419z
R R
1 4
occur along (o,c), (o,f), and o,k).
Therefore, the line integrals in Eg. 8 may be evaluated

by performing the integration along the paths Ll,‘Lz, L3, and

C
J Ce[38)ar + 2[28)aa]- [ ST
Ll b 3 2
b
+ D1 { r(%%} R dz
a r=r;+z

In Appendix B are developed the expressions for these various
partial derivatives. These expressions are then further

algebraically simplified. By substituting for [%%] o and
. ) 2=2 .+=
: _ j 2
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{%%] R from Eq. 11 and Eq. 4 of Appendix B, one has
r=r,+

r

1
o[, Frlpfer ol - ] e g o
L
1 : R
ri*3
7.5

j 2
+D1J r[a + (z—zj)F + (z—zj)ZC]dz
%3

Ry3 lrl[r (ri+§)2]}

=-lDlG[ri-(ri+§)2]-DlH-{%[r (r, +2) 5

2

5 5)4]——r [r; ~(r +§)3]+lri[r (r +—) ]}

1, 4

2 3

R T
+D1A(ri+§) =+ D F(r += ) 8 + D (r 2)C°

>3 (16)

Define:
P=rx, - (rl + %)2
Q= ri - (ri + %)3
M- (r v 5

By substituting for G, H, K, A, F, and C in Eq. 16 from
Egs. 8, 9, 1, 2', and 3 of Appendix B and collecting all the
terms of orders O(h4) and higher under the truncation error

O(h4), one has



o2
o
[ 8
g
i} ® 1
H
1 L]
o —~—
N o9 Fo 3]
1P
[ [a]
r——
vl +
N e
| M 21
N ———
fl |
N Nl
(W —
+ jol}
N 1 N |
[oN)
S ]
+
[w)
[\
O ———th
]
e
sie
S——
n]
i}
a]
P-
[}
oj e

~~
[
~J3

~——

| +
o= -hli—'
o0 [o o]
lw} lw)
P =
] -3
- ()
o) g
[\ V)
=] N W
(@] <
R w o]
-
(0]

?T



By substituting for [39

15

from
BZ] 2=2 _+!".

j 2 i

Eg. 11 and Eq. 7 of Appendix B, the result is

D. { -r 29 dr + r
2 ] 9z
¢
.L.’Z

09
-a—r'] dZ]

riG + (r-ri)H + (r—ri)zK]dr

Z.
+D, J : r{A' + (z—zj)F' + (z-zj)ZC]dz (18)
zj+_§.
Define:
P! = (r, - 2)° - 1l
Q' = (r; ~ 97 -1}
M' = (ri - %)4 - r

By substituting for G, H,
Egqs. 8, 9', 10, 5, 6, and
the terms of orders 0(h4)

error O(h4), one has

K, A', F', and C in Eq. 18 from

3 of Appendix A and collecting all

and higher under the truncation



16

N
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. | tuti 20) 24
By substituting for {35] B and [ar] _
z=zj-§ r=r,-

L from Eq. 4 and
2

Eg. 7 of Appendix B, one has

r,
i
D3 [ [}r(%%}dr + r(%%]d%}= -D3 ['r[G‘ + (r-ri)H' + (r-ri)zK]dr
b3 r,-2 '
i2
, B
j 2

2 -
+D, J ria' + (z-;j)F' + (z-zj) Cldz

Z.
J

(20)

By substituting for G', H', K, A', F', and C in Eq. 20 from
the Egs. 12, 13, 10, 5, 6', and 3 of Appendix B and collecting

all the terms of orders O(h4) and higher under the truncation

]
1
N =

[% Q' - 3 rip'] * g {ri - %U (0°=0370,+0,)



Dy

l

4

18

1 2 3
- 78 D3B P'Dzd)o

1l 3..3
t 18

1

3
* 9% D3BrDrppds
d:
_e[20 2¢) 471
D4J l:r(az dr+rardz—_I
Ly
% a
- - 99| 2%
= D4J r(az _ _Edr+D4 rarr—r-f-B- dz
i =273 ! =riv3
substituting for (.@i} - and f.@i , from Eg. 14
” taz)z-_-z —E Laf r=r.,+—
i 2 i"2

-
(3

I
3¢ = -

dr + r{-s—r-]dZ] = D4 (

r

i
Z.

3 ‘
12
+ D4‘ l r[A + (z-zj)F + (Z-aj) cldz

(22)
_B
2573

(21)
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By substituting for G', H', K, A, F, and C in Eq. 22 from the
Egs. 12, 13', 10, 1, 2, and 3 of Appendix B and collecting all
the terms of orders O(h4) and higher under the truncation

error O(h4) one has

oo | g+ e

Ly
=_%E§—P(¢4—¢o)
N R 1 RE | CRTRTRRE
SR S RS TR

1 2 3
- ﬁ D-BR rpqu)o

1 1 2 1.2 1 1
+ 5 D4UZ M 3 Q + 5 r1P] -R(-:-,’- Q - 5 rlP]]Drrzd)o

1 3 r -\
= 7 Dg¥iB Drgnte (23)

By substituting for the terms that contain the derivatives in
the Egs. 17, 19, 21, and 23 from the relations 25, 33, 36, and

39 of Appendix B one has



EERORISE

D.P
s
7 7 (0 = 4)
D
1{1(1 T R (oL
2o-Fre) - F[n "Z]:I(q’ "
D.T
1 -1 R
SR BCREN
1 3 3
78 D TiRT(TD, 0, + RDr¢n)|
R
1 3 3
-Z—-Z' Dlri(R Drrz¢o + T DI’ZZ(bO)l
Ry
D.P!
)
2T 27 %)
D
11 ., _1 ]
T ;-‘f.(é‘ Q' -3 TP+ g
- -
D.T ‘
107 (g
2T (ri '2"] (437 %)
1 3 3
Ig DpryLT(TD, , - LDLd, ‘Rz
1 3 3
57 Doty (L7 Dppyd, = T Dyzzdo) ‘
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1 3 3
+ 75 D3 r; BL(BD o  + LDr¢O)|
R
3
1 3 3
+ 97 D3ry (L7 Dpppdg + BT Dpppdy)
R3
D,P
1 74
s A 7R 2
..._Dﬁ‘._].‘.}_Q__J.‘.rp_]_B.r.}.B (¢4-_ - ¢, + ¢)
R |B|3 2 %3 g (51 T 32 01 T 0yt 9
D,B '
1 4 R
t3 T(ri+§'] (97 = o)
1 3 3
+ I5 D4BRri(BDZo-RDr o)
R
4
1 3 3
* 57 DyT; (RDppyd, - B D, zz%) R (24)
4
DX
In Appendix C, the identity V2¢ = 59 ¢ and a Taylor's expan-
n

sion are applied to perform further simplification on the
derivative terms of Eq. 24. By substituting for these terms

in Eq. 24 from Eg. 31 of Appendix C, one has
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' (¢4 = ¢°)

R 4
(ri + ‘2']] (d) = ¢1 - ¢4 + ¢0)

i

_1_B_

]
a i
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N
w
——
=
+
| o

Dy 07 ¥y RT (¢l + ¢2 - 2¢)

D, 0, r; LT (¢2 + 0 - 2¢o)

D3 P LB (q>4 + ¢3 - 2¢0)

Dy 04 T; RB 0y + 67 = 20,)

'il"'R' (R - L) [LD1(¢1 - ¢0) + RD2(¢3 - ¢O)]

iR (R - L) [LD4(¢l - ¢o) + RD3(¢3 - ¢O)]

I (L + R) LD, ($1=9 =0, +0_)=RD, (%= =0, +¢ )]
LR 1 1 "2 "o 2 3 72 "o
B L+ RIILD, (6% 0,-0,+0 )-RD, (03-0,-0,+0 )]
LR ! 1l "4 "o 3 3 Y4 "o
r.R

1 4
'T_B"‘ [DlB(¢ -¢l—¢2+¢0)+D4T(¢ _¢1_¢4+¢0)]
L D B(92~6. =640 VD, T(67=¢,=6,+0 )]
B 2 3 72 7o 3 3 "4 "o

1 + 2_ -
L—R— [DlL(¢ =¢1=¢2'¢0)+D2R(¢ ¢3 ¢2+¢0)]
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1 riB

3 4
+ 74" f‘i‘— [D3R(¢ -¢3_¢4+¢°)+D4L(¢’ "¢1 ¢’4+¢’0)]

+ ot

(25)

E. Evaluation of the Surface Integral

Consider the surface integral term

- X f] r Zn ¢ (r,z)drdz of
n=1
R

n
‘In this case, the Taylor series for the
truncated to O(hz) since the truncation

0(h4) after performing the integration.

¢(r,z) = ¢  + (r-r;)D o, +

term, one has

R

Egq. 5.

flux expansion is
error will be of order

The flux expansion 1is
P

IJ r Zn [¢o + (r-ri)DrcpO + (z-zj)Dz¢o]drdz

ion may he nerformed as follows:

j 12
- El ( r[d>o + (r—ri)qu>o + (z-zj)chb1 o ] dréz
r
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_1 1 1,1 -
=7 E~1TP¢° + 5 le[§ Q ) r. P]D ¢ | ElT PD d) l (26)
) 1
b: For n = 2
ri Zj‘l"i-
- 22 ' [ r[¢>o + + (2~ o ] drdz
R R
-T2
r.- Z.
i"z J
=1 pt 1 Lagv o1 ,p
=3I TR 6t 3L T(3 Q" - 3 ;P ]Dr"’olR
2
l 2
+ 75 I, T° P' D¢ l (27)
2
c: Forn=3
z. T,
] i
- 23 l [ ri¢ + (r-ri)D ) . + (z-zj)qu)o . ldrdz
. B L 3
“32 *i2
=13, e
-7 "3 %
1 1.y _1 o
*3 233{3 Q' -z 5P lDr%!R
: 3
1 2
- 1e Z3B p! DZ¢O|R (28)
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R
ZJ Ii+-2-
- 24 J { r[¢o + (r-ri)Dr¢o . + (z-zj)Dzd)0 . ldrdz
B : '
j 2 "i
_1 | 1 1,_1
STgBP o T, B[§ Q-3 P] Dydo R
4
1 2
-qg I,B°P DZ¢OIR (29)

4

The Egs. 26, 27, 28, and 29 may be simplified by substituting

for P, (% Q - % riPl, P', and [% Q' - % riP'] from Egs. 15,

18, 26, and 29 of Appendix B. All the terms of orders O(h%)

and higher are lumped under the truncation error 0(h4). Hence,

Egs. 26, 27, 28, and 29 may be written as

T R
(ZJ+§- {ri+-2-
- 1
- I j j roir,zjdrdz = 7 I; T P ¢,
Zj I'l
1 2
'1—6- Zl T riR Drd)o
R
1
1 2
16 21 T TR Dyo, R (30)
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-
_ 1
-22 l [ r ¢(r,z)drdz = vy 22 T P* ¢a°
L 2zZ.
ry73
1 2
+ 16 22 riT L Dr¢o
R
2
1 2
- 1€ 22 riL T DZ¢O N
2
z X,
j i
- I § '
23 J J r ¢(r,z)drdz = + 3 23 BP ¢>O
j 2 i2
1 2
+ 7g I3 Bry LY D ¢, .
3
1 2
R
3
z,
] ,ri
_ 1
24 I r¢(r,z)drdz-+EZ4BP ¢0
B R
zj‘z' ri+-2—
_ 1 5 a2
T6 24 Fi BR Py R
4
1 2
+1—6—Z4riBRDZ¢OR

(31)

(32)

(33)



By adding Egs. 30, 31, 32, and 33, one obtains

4
- X
n=1

{{ Xn r¢(r,z)drdz

R
n

28

1
75

TP ¢o

(34)
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Substituting for the terms that contain the derivatives in

Eq. 34 from Eq. 41 of Appendix C, one has

4
- I s rolr,z)drdz = Ly 1p%
n=1 n ’ 4 “1 o)
n
1 '
+ 3 22 TP ¢o
1 '
+ 7 I3BP ¢
+ 1 L, BP ¢
4 "4 ¢o
-l s Tr.R(6. + 6, -20)
le "1 1l 2 o'

- L T, Br.R(¢, + ¢, - 20 )
16 “4 i 1 4 o
4
+ O0(h™) (35)

Finally Eq. 5 may be expressed in a finite difference form

by adding Eq. 25 and Egq. 35, The result is

4 4
0 0 9 0 -
nian”[a—f(r 3 5l %%Udrdz'n.fl( { ,ro(x,2)drdz = 0

Rn Rn



Nj = | =

oof Lo
T

(WS

ot

+ + i
o= t'l o =
N
| ——
=
3 i U
—_— -
—_— W
a1 ~—
- © o
- N
: 1 !
Noje
——— o= o—e-
Sy H -
w -
L)
' | S
©
o +
oof 3

+ 1

N = wl v
o s

;ull—:a f e |

e
wij=

I)

H
o=

|U
-
vJ

o~

s
38
H
©
(o)

ue

ol

0€



31

D,B
174 R _
2 X (ri * E](¢1 b
!.'_...D g

pra
)
w
w

b
48 "4

1 T
27 IR

1L B
24 LR

\ord
le

+ 15 (R+L) [LD, (¢"

-
)

&%

(R+L)[LD (¢

\Voy o
=)}

L 5E
57 75~ 1BD; (6"

L 5l
37 7150, (¢

L 5T
3T TR L0y (¢

L EB
57 1% [RD3(¢

r,L B((b4 '
54-riR B (o,
(R = L) [LD (¢; -

R - L)[LD4(¢1 =

¢3 - 2¢0)
¢3 = 2@0)
¢l - 2¢0)

¢°) + RD2(¢3 - ¢ )]

o

bo) + RDy (b5 = 0]

(o]

- 4y = 0, + 0,)RD, (4

- 93 = by + 0,)]

- 8y = by * 6)"RD;(8° = 03 = 0y + 4))]
0y + )40, (67 = ¢ = 04 + 0,)]
by + 0 )+TDL (07 = 83 = ¢, * 6.)]
b, + G )HRD, (67 = 63 = 9y + 0,)]
9y * ¢o)+LD4(¢4 % 01 = dg + 95)]
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1 |
+ZZITP¢O
1
+ZZZTP'¢O
1
+'4-23BP'¢O
1
7 Z4 BP ¢o
- L 5 r. TR(¢. + ¢, -20)
16 51 %5 AL
-l 5 oy TL(6. + 6. -20)
16 2 T 3 F 0y =20,
- L 5. r. BL(6. + &, - 20.)
16 3 T3 37 9y o
-l 5 r. BR(¢, + &, =20)
16 L4 T3 1t 9y —20,
4
+ 0(h%) =0 (36)

‘&

The finite difference Eg. 36 may be written in the form

¢l + g, -¢2

i1 T Cy 40y T Ay 403 ey 50, ¥ £y i)

i,j"c i, 371 i, 372 3 3

3
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¢ d

al,j i,) + b1,3¢1+l,3 c1,3¢1,3+1 l,]¢l-l,} e1,3¢1,]-1

+ f h

i,5%41,9+41 7 91,5%-1,5+1 * Bi,5%-1,5-1

+ +omY =0 (37)

i,5%+1,5-1

The flux coefficients may be written for the equation

Zac(r,z)-vzf(r,z)

-V2¢(r,z) + I(r,2)¢(x,2) 0, where I(r,z) =

Dc(r,z)

r_ (r,z)
ae
for a reactor and I(r,z) = B (3] for a reactor reflector
C ( ! ) De r'z) e ’

as follows:

2 2
K, . ==D, . .¢{2/2h (3r; + h ) + 3h (2r, + h_ )
i,3 i,j-1 [ r, i r, 21 1L ri:!
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2 2
-D. . 2{2h (3r, - h ) + 3h] (2r, - h )
i, j+1 [ ryq 1 r. g zj i ri—l]
w2 +n ) +dr,m®  +n%))/9en n
2 itr, Z. z2. ¥
j i i-1 i-1 j j Ti-1

2 2
Di,j 2[%hr.(3ri + hr.) + 3hz.(2ri + hri{}

i i j

2 2
+ h” (h_ +h ) + 4r.(hS + h_ ) )/96h_h
5 T3 ri_q iy zy ry 2y

j-1

+ r.h (Z,_, sh . h_)/12

i zJ 1 1,3 riq i,j-1 ry
~-g - h, , -(12r; - 7h h_ )(D, .,qh

i,] i3 i L + rl i, i+l zJ
+ D, _ h )/24h + r.h (Z. . h

i-1,3] Zj-l r,_ i'r, 4 i, j+1 zj

+ 21-1,] h, )/12r;h
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c, . =-f - - {4r. (D. .h + D. .h
i,3 i3~ 9%, [ 1 (Pi,5 r, © Cil,j ri_l)
2 2
+ (D, .h - D, _, :h )| /8h
1,3 i-1,3 ri—l:} 23
brihy By gty Iy g Ry )12
bi . o= - fl 3" ki - (12ri + 7hr - hr )(Di LI
e ] ’ ’ i i-1 ) 5
+ D, ._,h y/24h_ + xT.h_ (I, . . +_qh y/12
i,j-1 zj—l r, i'r, i) zj i,j-1 zj-l
. . o= - . . +¢c, . +d. . +e, .+ E .+ h, . ..+ k. oL
1,3 by, g *cCi,3+di,5%8,5% 8,370, 3%95,5%5;
-h_ (z, .h_ + I, . -h y{2r, + h_ )/16
r, "i,J 2, i,j-1 zj—l i ry
- h (£, , sh, + I, . .h y{2r, - h /16
riag 1 1,3 zj i-1,3 zj_1 i ri-l
F. The Five~Point Formula
The five-point formula in r-z geometry can be written as
81
N .+ c, .0, . + d, .9¢. .t e, .0, - + a, .. .=
bl,j¢l+l,j c1,3¢1,3+l dl,j¢l—l,j e1,3¢1,3'1 allj¢1rj 0

(38)
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where
bi,j = -(Zri + hri)(Di’j-lhzj—l Dy jhzj)/4hri
©i,5 = _(Di,jhri Di-l,jhri_l)[4ri + (Di,jhrihri_i)]/eh?j
dl,j =2r by V0ot Y Py et )y
€, = _(Di,j-lhri Pi-1,30r, LY Py 5eaPy
- Di-l,jhri_l)]/ehzj_l

3; 5 = -(bl,J + i3 + dl, + el,J)

Hlhy (rg + R V0 2y * 71,901 zj_l)

‘b (4 - “rl—l)(zi'3+lhzj + 3,3 4 J_1)]/16

G, The Analytical Solution

The analytical solution of the neutron diffusion equation
over regions with material interfaces is difficult to be
obtained even in the simplest cases [5]. To assure the cor-
rections and accuracy of the numerical solution of the finite
difference equations, it is useful to solve the neutron dif-
fusion equation analytically over the region R for certain

model problems. This technique gives a suitable comparison
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between the numerical and analytical solution of the neutron
diffusion equation. With this comparison, the error range
between the two solutions can be determined.

The distribution of neutrons in the core and reflector of
a one energy group system may be suitably described by the

following equations [11]

vy _(r,2) + B2(r,2) = 0 (39)
V2¢e(r.2) - lf ¢e(r,z) =0 (40)
Le
where (c)
vV I X
2 £ a
B =
o] Dc
L2 - De
e Eie)
a
e I Reflector
C = Core

The analytical solutions of Egs. 39 and 40 for radial and
axial reflectors in cylindrical geometry (Figs. 2 and 3) have

been determined [11] and may be written as follows:

a: radial-reflector (Fig. 2)

¢c(r,z) = ¢coJo(acr) cos

=
N

(41)
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I [o (R"™D)IK (o xr)=K [a_(R'+b)I1I_(o_r)
= (b J (a R') (o} e (o] e [o] (<] (o] e COS%Z
lo[ae(R'+b)]Ko(aeR°)uKO[ae(R'+b)]Io(aeR')

(42)
where o is to be determined from the following equation:
]
a D il(acR )
cc JOZaCR'S
1 1]
. I [a, (R'+D) 1K, (0 R')+K [  (R'+b) 1T, (a R') (43)
e e . '
Io[cxe(R'+b)]Ko(aeR) K lo (R'+b) ]I (o R')
oy and Bc can be calculated from the following relations:
(e)
z 2
2 _ "a i
% = 5 * g (44)
e .
2 .
2 2 T
BC = O’,c + (ﬁ] (45)
b: Axial-reflector (Fig. 3)
¢c(r,z) = ¢coJo(ur) cos Bcz (46)
cos (BCH/Z) _ i
0o (rs2) = ¢, SIAR(B_B) J,lar) sinh{B (3 - z)] (47)
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where Bc is to be determined from the solution of the following
equation:

~

H H
Be COth[Be('z' - '2-)] (48)

2 B, tan(B_H/2) = 52

o
Q
of

o and B, can be calculated from the following relations:

Otz = 2_’_%92 (49)

Z(e)
a

— (50)

B

[

De

where

+ b

e
0}
Noj

R' = Radius of the cylinder

H = The height of the cylinder

o2
"

= reflector thickness
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III. RESULTS AND DISCUSSION

The results of this work were obtained by solving Egs. 37
and 38 numerically and Egs. 39 and 40 analytically using a
computer program. Within the computer program of the analytical
solutions Egs. 43 and 48 are solved numerically using Newton's
iterative method [12].

The computational technique is concerned with iterative
methods in solving the nine-point and five-point finité dif-
ference equations [13,14]. The iterative method, specifically
the overrelaxation method, is used because it is easily pro-
grammed and has a comparatively fast convergence rate.

Various cylindrical reactor core tvpes such as bare cores,
radially reflected cores, and axially reflected cores were
considered. The calculated results for the previous configura-
tionsbcover equal (Figs. 4, 5, and 6) and nonequal (Figs. 7,

8, and 9) spacing along radial and axial axes.

The neutron flux values for equal spacing along the r- and

z- axes for the nine-point, five-point, and analYtical solution

are tabulated in Tables 1, 2, and 3. The absolute errorl and

lAbsolute error = numerical solution-analytical solution.
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Euclidean norm2 for the radial and axial cases are computed as
listed in Tables 4, 5, 6, 7, 8, and 9. Graphs of absolute
error versus radial and axial distances are plotted as shown
in Figs. 10-32. Plots of residual vector norm3 versus itera-
tion are shown in Figs. 33-35. From the plots of Figs. 10-32
one can observe the accuracy of the nine-point formulation over
‘the five-point formulation.

The over all Euclidean norm for the nine-poiht and five-
point solutions are 0.0053 and 0.1103 (bare cylindrical core),
0.0109 and 0.1433 (radial-refiected cylindrical coré); and
0.0075 and 0.01720 (axial-reflected cylindrical core),

respectively. The comparisons between the Euclidean norms for

2The Euclidean norm is [2]

Ry = !k |E, 12_]|2

i b

where E, is the absolute error at a mesh point,

The residual vector may be defined as [9]

(®) _ (p+1) _ _(P)

r
where r = the residual vector
X = the solution
P = iteration number, (¢ = 0,1,2,3,-=--).

Thus, the residual vector norm may be defined as [2]

1
2
[Z (ri)z]
1

A
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the nine-point and five-point results illustrate the accuracy
of the nine-point formulation over the five-point formulation.
The convergence rates4 as calculated from the slopes of
the curves Figs. 33-35 for the nine-point and five-point
formulas are 0.654 and 0.448 (bare cylindrical core), 0.464
and 0.304 (radially reflected cylindrical core), and 0.406 and
0.412 (axially reflected cylindrical core), respectively.
These results show that the nine-point formula converges faster
than the five-point formula for these cases. The saw-tooth
effect in the curves of Figs. 34 and 35 represents the inner
iteration over the eigenvalue (Z(r,z)/D(r,z)) of the boundary

value equation until criticality was achieved.

4The convergence rate may be defined as [9]

where

v = the convergence rate

>
]

1 the largest eigenvalue of the iteration matrix.
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Fig. 5. Equal spacing mesh for a radially reflected reactor
core
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Fig. 6. Equal spacing mesh for axially reflected

reactor core
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Fig. 7. Unequal spacing mesh for a cylindrical bare reactor
core '
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Fig. 9. Unequal spacing mesh for axially reflected cylindrical

reactor core
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Table 1. The neutron flux distribution in a bare reactor core
for equal spacing along the radial and axial axes
and for input data D_ = 1.0 cm, £_ = 0.33 cm~1l, and

R' = H/2=5.0cm © ¢
r
Method z 0 1 2 3 4 5
ans? 0 1.000 0.943 0.782 0.544 0.268 0.000
1 0.951 0.897 0.744 0.517 0.255 0.000
2 0.809 0.763 0.632 0.440 0.217 0.000
3 0.588 0.554 0.460 0.320 0.158 0.000
4 0.309 0.291 0.242 0.168 0.083 0.000
5 0.800 0.000 0.000 0.000 0.000 0.000
NPS® 0 1.000 0.942 0.783  0.545 0.270 0.000
1 0.951 0.896 0.744 0.519 0.257 0.000
2 0.809 0.763 0.633 0.442 0.219 0.000
3 0.588 0.554 0.460 0.321 0.159 0.000
4 0.309 0.292 0.242 0.168 0.084 0.000
5 0.000 0.000 0,000 0.000 0.000 0.000
FPS® 0 1.000 0.895 0.731 0.506 0.249 0.000
1 0.955 0.854 0.698 0.483 0.238 0.000
2 0.815 0.730 0.596 0.412 0.203 0.000
3 0.595 0.532 0.435 0.301 0.148 0.000
4 0.314 0.281 0.230 0.159 0.078 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000

ANS = analytical solution.
NPS = nine-point solution.

FPS = five-point solution.



Table 2. The flux distribution in radially reflected core for equal spacing and for
input data of D, = 0.5 em, I_ = 0.1385 cm~1l, R =2z = 5 cm, D, = 1.0 cm,.
I = 0.1 cem™ Y, and b = 2 cm c
c
Method . 0 1 2 3 4 5 6 7
ANS 0 1.000 0.9565 0.830 0.637 0.405 0.160 0.067 0.000
1 0.951 0.909 0.789 0.606 0.385 0.153 0.064 0.000
2 0.809 0.773 0.671 0.516 0.327 0.130 0.054 0.000
3 0.588 0.562 0.488 0.375 0.238 0.094 0.039 0.000
4 0.309 0.295 0.456 0.197 0.125 0.050 0.021 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
NPS 0 1.000 0.955 0.830 0.639 0.408 0.165 0.068 0.000
1 0.951 0.908 0.789 0.608 0.388 0.157 0.065 0.000
2 0.809 0.773 0.671 0.518 0.330 0.133 0.055 0.000
3 0.588 0.561 0.488 0.376 0.240 0.097 0.040 0.000
4 0.309 0.295 0.256 0.198 0.126 0.051 0.021 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
FPS 0 1.000 0.915 0.782 0.595 0.376 0.146 0.061 0.000
1 0,951 0.870 0.744 0.566 0.356 0.139 0.058 0.000
2 0.809 0.740 0.633 0.482 0.303 0.118 0.049 0.000
3 0.588 0.538 0.460 0.350 0.220 0.086 0.036 0.000
4 0.309 0.283 0.242 0.184 0.116 0.045 0.019 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

Zs



Table 3. The flux distribution in axially reflected core as for equal spacing and

input data D, = 0.5 cm I_ = 0.1536 ecm~l, R =z = 5 cm, Dp = 1.0 cm,
I =0.1, and b = 2 cm ¢
C
Method . z 0 1 2 3 4 5 6 7
ANS 0 1.000 0.962 0.852 0.678 0.452 0.192 0.082  -0.000
1 0.943 0.907 0.803 0.639 0.426 0.181 0.077 0.000
2 0.782 0.752 0.666 0.530 0.353 0.150 0.064 0.000
3 0.543 0.523 0.463 0.368 0.246 0.104 0.045 0.000.
4 0.268 0.258 0.228 0.182 0.121 0.052 0.022 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
NPS 0 1..000 0.962 0.852 0.677 0.451 0.188 0.081 0.000
| 1 0.942 0.406 0.802 0.637 0.424 0.180 0.076 0.000
2 0.781 0.751 0.665 0.528 0.352 0.149 0.063 0.000
3 0.544 0.523 0.463 0,368 0.245 0.104 0.044 0.000
4 0.269 0.259 0.229 0.182 0.121 0.051 0.022 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
FPS 0 1.000 0.962 0.851 0.674 0.447 0.185 0.080 0.000
1 0.891 0.857 0.758 0.601 0.398 0.165 0.071 0.000
2 0.726 0.698 0.617 0.489 0.324 0.134 0.058 0.000
3 0.500 0.481 0.425 0.337 0.223 0.092 0.040 0.000
4 0.246 0.236 0.209 0.166 0.110 0.045 0.020 0.000
5

0.000 0.000 0.000 0.000 0.000 0.000 "0.000 0.000

€S
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Table 4. The calculated results of absolute errors and
Euclidean norms for equal spacing in a bare core at
different axial levels

z r -gine-pOint0ver all A:iive_pOint0ver all
cm cm E; x 10 22 norm Ei x 10 '22 norm
0 0 0.0000 0.003 0.0053 0.0000 0.082 0.1103
1 0.8356 48.3252
2 0.5273 50.6976
3 1.8940 37.6814
4 1.9957 18.7239
5 0.0000 0.0000
1 0 0.1614 0.003 3.7467 0.012
1 0.4543 4 42.6084
2 0.7814 45,2221
3 1.9979 33.9430
4 1.9949 16.8740
5 0.0000 0.0000
2 0 0.4057 0.003 6.3860 0.058
1 0.1193 33.3836
2 0.9005 36.1296
3 1.8649 _ 27.2561
4 1.7752 13,5566
5 0.0000 0.0000
3 0 0.4868 0.002 6.9725 0.097
1 0.1120 22.1675
2 0.8245 24.5436
3 1.4754 18.6226
4 1.3523 . 9.2679
5 0.0000 0.0000
4 0 0.3376 0.0013 4.8964 0.0196
1 0.1650 10.5528
2 0.6459 12,0030
3 0.8389 9.1678
4 0.7424 4,.5655
5 0.0000 0.0000
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Table 5. The calculated results of absolute errors and
' Euclidean norms for equal spacing in a bare core at
different radial levels

r z Nfge-point Over all -givefPOintOver all
cm cm E; X 10 22 norm E; x 10 22 norm
0 0 0.0000 0.0007 0.0053 0.0000 0.0113 0.1103
1 0.1614 3.7467
2 0.4057 6.3860
3 0.4868 6.9725
4 0.3376 4.8964
5 0.0000 0.0000
1 0 0.8356 0.00098 48.3252 0.07660
1 0.4543 42.6089
2 0.1193 33.3836
3 0.1120 22.1675
4 0.1650 10.5528
5 0.0000 ' - 0.0000
2 0 0.5273 0.00167 50.6976 0.08165
1 0.7814 45,2221
2 0.9005 36.1296
3 0.8245 24,5436
4 0.6459 12,003
5 0.0000 0.0000
3 0 1.8940 0.0037 37.6814 0.0612
1 1.55975 33.9430
2 1.8649 27.2561
3 1.4754 18.6226
4 0.8389 9.1678
5 0.0000 0.0000
4 0 1.9957 0.0037 18.723¢% 0.0304
1 1.9949 ‘ 16.8740
2 1.7792 13.5566
3 1.3523 9.2679
4 0.7424 4,5655
5 0.0000 0.0000
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Table 6. The calculated results of absolute errors and
Euclidean norms for equal spacing in a radially
reflected core at different axial levels

2 r —gine-pOintOver all -give-pOint0ver all

cm cm E; x 10 22 noxrm E; x 10 22 norm

0 0 0.0000 0.0063 0.0104 0.0000 0.0830 0.1433

1 1.1444 41.3011
2 0.0221 47.6269
3 1.8909 42,1592
4 3.6502 29.8813
5 4,3610 14,4312
6 1.5600 5.8537
7 0.0000 0.0000
1 0 0.0182 0.006 0.1877 0.079
1 1.0802 39.1359
2 0.0237 45.1908
3 1.7912 40.025
4 3.4646 28.3779
5 4,1445 13.7596
6 1.48251 5.8611
7 0.0000 0.0000
2 0 0.0481 0.005 0.3488 0.067
1 0.9033 33.1447
2 0.0160 38.3341
3 1.5213 33.9750
4 2.9433 24,0990
5 3.5234 11.6473
6 1.2600 4.7248
7 0.0000 0.0000
3 0 0.0589 0.004 0.3735 0.048
1 0.6458 23,9867
2 0.0092 27.7811
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Table 6 (Continued)

Nine-point Five-point

Zm. Zm Ei b4 10-3 £2 oviir;;l E; x 10-3 12 Ovigr;ll
3 1.1033 24,6372
4 2.1357 17.4816
5 2.5584 8.4523
6 0.9146 3.4291
7 0.0000 0.0000
4 0 0.0393 0.002 0.2401 0.025
1 0.3373 12.5752
2 0.0058 14,5782
3 0.5777 12.9335
4 1.1208 9.1794
5 1.34413 4.4395
6 0.48045 - 1.8010
7 0.0000 0.0000
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Table 7. The calculated results for the absolute errors and
Euclidean norms for equal spacing in a radially
reflected core at different radial levels

r 2 _gine-point ver all -give-pOint0ver all

cm cm Ei x 10 22 norm Ei x 10 22 ﬁorm

0 0 0.0000 0.0001 0.0109 0.0000 0.0006 0.1433

1 0.0182 0.1877
2 0.0481 0.3488
3 0.0589 0.3735
4 0.0393 0.2401
5 0.0000 0.0000
10 1.1444 0.002 41.3011 0.071
1 1.0802 39.1359
2 0.9033 33.1447
3 0.6458 23.9867
4 0.3373 12,5752
5 0.0000 0.0000
2 0 0.0221 0.00004 47.6269 0.0823.
1 0.0237 45,1908
2 0.0160 38.3341
3 0.0090 27.7811
4  0.0058 14,5782
5 0.0000 0.0000
3 0 1.8909 0.003 42,1592 0.073
1 1.7¢212 40.0250
2 1.5213 33.9750
3 1.1033 24.6372
4 0.5777 12.9335
5 0.0000 0.0000
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Table 7 (Continued)

r z -ginetPOint0ver all -give—pOint0ver all
cm cm Ei x 10 22 norm E; x 10 ~ 22 norm
4 0 3.6502 0.006 29.8813  0.052

1 3.4646 28.3779

2 2.9433 24.0990

3 2.1357 17.4816

4 1.1208 9.1794

5 0.0000 0.0000
5 0 4.3610 0.008 14,4312 0.025

1 4.1445 13.7596

2 3.5234 11.6473

3 2.5584 8.4523

4 1.3441 4.4395

5 0.0000 0.0000
6 0 1.5600 0.003 5.8537 0.010

1 1.4825 5.5611

2 1.2600 4,7248

3 0.9146 3.4291

4 0.4805 1.801

5 0.0000 0.0000
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Table 8. The calculated results for absolute errors and
Euclidean norms for equal spacing in a axially
reflected core at different radial levels

r 2 -ginehpOintOver all ‘—giveOPOintOver all
cmcm Ei x 10 22 norm Ei x 10 22 norm
0 0 0.0000 0.005 0.0075 0.0000 0.01 0.0172

1 0.0963 : 3.3350

2 0.3689 1.3922

3 0.8128 3.0825

4 1.2746 5.1571

5 4.6798 7.2482

6 1.1765 2.3044

7 0.0000 0.0000
1 0 1.4785 0.004 51.7290 06.099

1 1.5423 50.1119

2 1.6462 45,3807

3 1.7773 37.8684

4 2.0271 28.0321

5 1.7173 16.4291

6 1.32i0 £.3143

7 0.0000 0.0000
2 0 0.7875 0.003 55.9785 0.106

1 0.8650 54.1634

2 1.0006 48,8033

3 1.1736 40.2747

4 1.2854 29,1294

5 1.2626 16.0606

6 0.8785 6.2885

7 0.0000 0.0000
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Table 8 (Continued)
. z —§in6fgpint0ver all -givenPOint0ver all
cm cm Ei x 10 22 norm Ei x 10 22 norm
3 0 0.4123 0.001 43.4105 0.082

1 0.3193 41.9898

2 0.1200 37.7737

3 0.1514 31.0564

4 0.4468 22.2801

5 0.7045 12.0068

6 0.5447 4.7354

7 0.0000 0.0000
4 0  1.0144 0.002 22,4297 0.042

1 0.9377 21.6938

2 0.7507 19.5043

3 0.4761 16.0128

4 0.1431 11.4507

5 0.2436 6.1130

6 0.2317 2.4182

7 0.0000 0.0000
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Table 9. The calculated results for absolute errors and
Buclidean norms for equal spacing in axially
reflected core at different axial levels

z r -gine—pOint0ver all —give_pOint0ver all
cm cm Ei x 10 zz norm Ei x 10 22 norm
0 0 0.0000 0.002 0.0075 0.0000 0.091 0.0172

1 1.4785 51.7290

2 0.7875 ‘ 55.9785

3 0.4123 43.4105

4 1.0144 22.4297

5 0.0000 0.0000 .
1 0 0.0963  0.002 3.3350 0.088

1 1.5423 50.1119

2 0.8650 54.1634

3 0.3193 41.9898

4 0.9377 21.6938

5. 0.0000 0.0000
2 0 0.3689 0.002 1.3922 0.079

1 1.6462 45,3807

2 1.0006 48, 8033

3 0.1200 37.7737

4  0.7507 19,5043

5 0.0000 0.0000
30 0.8128 0.002 3.0825 0.066

1 177713 37.8684

2 1.1736 40,2747

3 0.1514 31.0564

4 0.4761 16.0128

0.0000 0.0000

w»

iy
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Table 9 (Continued)
2 r -%ine_pOintOver all —give-POini—bver all
cm cm Ei x 10 22 norm Ei x 10 22 "
4 0 1.2746 0.003 5.1571  0.048
1 2.0271 28.0321
2 1.2854 29.1294
3 0.4468 22.2801
4 0.1431 11.4507
5 0.0000 0.0000
5 0 4.6798 0.005 7.2482  0.028
1 1.7173 16.4291 ‘
2 1.2626 16.0606
3 0.7045 12.0068
4 0.2436 6.1130
5 0.0000 0.0000
6 0 1.1765 0.002 2.3044 0.011
1 1.3216 6.3143
2 0.8785 6.2885
3 0.5447 4,7354
4 0.2317 2.4182
5 0.0000 0.0000
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Similar calculations were performed considering nonequal
(Figs. 7-9) spacing along radial and axial axes for bare
cylindrical cores, radially reflected cylindrical cores, and
axially reflected cylindrical cores. The neutron flux values
as calculated by the nine-point, the five-point, and the
analytical techniques are shown in Tables 10-12. The absolute
errors and Euclidean norms for the radial and axial cases are
calculated and listed in Tables 13-18. Plots of absolute
error versus radial and axial.distances are shown in Figs. 36-
53. Alsc, plots of the residual vector norm versus iteration
are shown: in Figs. 54-56.

From the plots of Figs. 36-53 one can observe the
accufacy of fhe nine-point forﬁulation over the five-point
formulation in comparison with the analytical solution. The
over all Euclidean norms of the nine-point and five-point
formulas are 0.0239 and 0.0724 (bare cylindrical core), 0.032
and 0.057 (radially reflected cylindrical core), and 0.032 and
0.065 (axially reflected cylindrical core), respectively.
These results indicate the accuracy of the nine-point formula-
tion over the five-point formulation for these cases.

The convergence rate as calculated from the slecpes of the
curves of Figs. 54-56 for.the nine-point and five-point
formulas are 0.4672 and 0.3026, 0.3002 and 0.2049, and 0.349
and 0.248, respectively. These results indicate that the nine-

point formula converges faster than the five-point formula.



Table 10. The flux distribution in the core for unequal spacing and for input data
of D, = 1.0 cm, I = 0.33 cm~l, and R = z = 5 cm

Method ; x 0 0.5 1.2 2.1 3.4 5
ANS 0 1.000 0.986 0.919 0.761 0.435 0.000
0.5 0.988 0.974 0.907 0.751 0.430 0.000
1.2 0.930 0.916 0.854 0.707 0.405 0.000
2.1 0.790 0.779 0.726 0.601 0.344 0.000
3.4 0.482 0.475 0.443 0.367 0.210 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000
NPS 0 1.000 0.987 0.923 0.769 0.445 6.000
0.5 0.984 0.971 0.909 0.758 0.439 0.000
1.2 0.924 0,912 0.854 0.712 0.412 0.000
2.1 0.785 0.774 0.724 0.604 9.350 0.000
3.4 0.478 0.471 0.441 0.367 0.213 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000
FPS 0 1.000 0.980 0.920 0.774 0.453 0.000
0.5 0.990 0.970 0.910 0.766 0.449 0.000
1.2 0.939 0.920 0.864 0.727 0.426 0.000
2.1 0.808 D.792 0.744 0.626 0.366 0.000
3.4 0.501 0.491 0.461 0.388 0.227 6.000
5 0.000 0.000 0.000 0.000 0.000 0.000

T6



Table 11. The flux distribution in a radially reflected core for unequal spacing and

for input data of Dc = 0.5 cm, Zc = 0.1385 cm™l, R = z = 5 cm, D, = 1.0
cm, Zk = 0.1 cm-l, and b = 2 cm c
c
Method . - 0 0.5 1.2 2.1 3.4 5 5.9 7
ANS 0 1.000 0.989 0.937 0.813 0.548 0.160 0.075 0.000
0.5 0.988 0.977 0.925 0.803 0.541 0.159 0.074 0.000
1.2 0.930 0.920 0.871 0.756 0.509 0.149 0.069 0.000
2.1 0.790 0.781 0.740 0.642 0.433 0.127 0.059 0.000
3.4 0.482 0.476 0.451 0.392 0.264 0.077 0.036 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
NPS 0 1.000 0.988 0.938 0.817 0.556 0.168 0.078 0.000
0.5 0.984 0.972 0.922 0.803 0.546 0.165 0.077 0.000
1.2 0.922 0.911 0.864 0.752 0.512 0.155 0.072 0.000
2.1 0.781 0.771 0.731 0.636 0.433 0.131 0.061 0.000
3.4 0.475 0.468 0.444 0.386 0.263 0.080 0.037 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
FPS 0 1.000 0.979 0.925 0.803 0.541 0.151 0.070 0.000
0.5 0.984 0.964  0.911 0.791 0.532 0.149 0.069 0.000
1.2 0.924 0.904 0.855 . 0.742 0.499 0.139 0.065 0.000
2.1 0.785 0.768 - 0.726 = 0.630 0.424 0.118 0.055 0.000
3.4 0.480 0.469 0.443 - 0.385 0.259 0.072 0.034 0.000
5

9.000 0.000 0.000 0.000 £.000 0.000 0.000 0.000

c6



Table 12. The flux distribution in the axially reflected_core for unegual spacing
and input data of D = 0.5 cm, I = 0.1536 cm™l, R = z = 5 cm, D, = 1.0 cm,

Ze = 0.1, and b = 2 cm
z

Method . 0 0.5 1.2 2.1 3.4 5 5.9 7

ANS 0 1.000 0.991 0.946 0.837 0.593 0.192 0.091 0.000
0.5 0.986 0.976 0.932 0.825 0.584 0.189 0.090 0.000
1.2 0.918 0.910 0.867 0.769 0.544 0.175 0.084 0.000
2.1 0.761 0.754 0.720 0.637 0.451 0.146 0.070 0.000
3.4 0.435 0.431 0.412 0.364 0.258 0.084 0.040 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

NPS 0 1,000 0.987 0.939 0.828 0.585 0.184 0.089 0.000
0.5 0.985 0.972 0.924 0.815 0.574 0.184 0.087 0.000
1.2 0.918 0.907 0.862 0.760 0.535 0.172 0.081 0.000
2.1 0.763 0.753 0.716 0.631 0.444 0.143 0.068 0.000
3.4 0.440 0.435 0.413 0.364 0.256 0.083 0.039 ° 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

FPS 0 1.000 0.988 0.940 0.829 0.583 0.181 0.086 0.000
0.5 0.973 0.961 0.915  0.807 0.567 0.176 0.084 0.000
1.2 0.905 0.894 0.851 0.750 0.527 0.164 0.078 0.000
2.1 0.754 0.744 0.708 0.625 0.439 0.136 0.065 0.000
3.4 0.437 0.431 0.410 0.362 0.254  0.079 0.038 0.000
5

0.000 0.000 0.000 0.000 0.000 ° 0.000 0.000 0.000

fx

€6
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Table 13. The calculated results of absolute errors and
Euclidean norms for unequal radial spacing

2 r -gine—pOintOver all | —give-pOint0ver all
E; X 10 22 norm Ei x 10 22 norm
0 0 0.0000 0.014 0.0239 0.0000 0.0152 0.0729
0.5 0.9925 5.4548
1.2 4,4811 1.5076
2.1 8.4843 13.3880
3.4 10.1004 17.0610
5 0.0000 0.0000
0.5 0 3.4117 0.0116 1.4338 0.0244
0.5 2.0372 3.4939
1.2 1.7118 3.2665
2.1 6.2204 14.7191
3.4 8.7662 18.7148
5 0.0000 0.0000
1.2 0 5.3882 0.0108 8.9705 0.0316
0.5 4.1133 3.7182
1.2 0.4191 . 5.6519
2.1 4,2172 19.3912
3.4 7.3282 20,8571
: .0000 0.0000
2.1 0 5.0212 0.0093 18.1284 0.0405
0.5 4.5887 13.4563
1.2 1.5651 17.8663
2.1 2.5360 24.6107
3.4 5.5770 - 22.4860
5 0.0000 Q\f/J 0.0000
3.4 0 3.4133 0.0061 129.5374 0.0423
0.5 3.4992 16.5201
1.2 1.7094 18.9820
2.1 0.9048 21.5734
3.4 2.9908 17.5557
5 0.0000 ' 0.0000
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Table 14. The calculated results of absolute errors and
Euclidean norms for uneqgual axial spacing
r z _gine-poingver all -give—pOintOver all
E; x 10 %y norm By x 10 % norm
0 0 0.0000 0.014 . 0.0239 0.0000 0.015 0.0729
0.5 3.4117 1.9705
1.2 5.3882 8.9705
2.1 5.0212 18.1284
3.4 3.4133 19.5374
5 0.0000 0.0000
0.5 0 0.9925 0.007 5.4542 0,023
0.5 2.0372 3.4939
1.2 4,1133 3.7182
2.1 4,5887 13.4563
3.4 3.4992 16.5201
5 0.0000 0.0000
1.2 0 4.4811 0.005 1.5076 0.028
0.5 1.7118 3.2665
1.2 0.4191 9.6519
2.1 1.5651 17.8663
3.4 1,7094 18.982
5 0.0000 0.0000
2.1 0 8.4843 0.012 13.3880 0.043
0.8 6.2204 14,7191
1.2 4.2172 19.3912
2.1 2.5360 24.6107
3.4 0.9048 21.5734
5 0.0000 0.0000
3.4 0 10.1004 0.017 17.0610 0.044
0.5 8.7662 ' 18.7148
1.2 7.3282 20.8571
2.1 5.770 22.4860
3.4 2.9900 17.5557
5 0.0000 0.0000
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Table 15. The calculated results for the absolute errors and
Euclidean norms for unequal spacing in a radially
reflected core at different axial levels

z r -gine-DOingver all -give-EOingver all
E; x 10 22 norm E; x 10 22 norm
0 0 0.0000 0.012 0.032 0.0000 0.022 0.057
0.5 5.5330 9.8640
1.2 8.3670 11.6643
2.1 3.7412 : 9.5740
3.4 8.0554 7.0512
5 7.6262 9.4980
5.9 3.4505 4.5772
7 0.0000 - 0.0000
0.5 0 4,1068 0.017 3.5372 0.028
0.5 4.6682 13.2392
1.2 3.1232 14.8633
2.1 0.2216 12,3833
3.4 5.5649 8.9519
5 6.8353 9.9392
5.9 3.0811 4.7800
7 0.0000 0.0000
1.2 0 8.0393 0.016 5.9306 0.031
0.5 8.6475 15.0606
1.2 7.1029 16.4963

2.1 3.512 13.8742
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Table 15 (Continued)
z r - -gine—pOingver all _give-poingver all
E, x 10 22 norm E; x 10 22 norm
3.4 2.6604 9.9463
5 5.7403 9.7861
5.9 2.5744 4.6967
7 0.0000 0.0000
2.1 0 9.5645 0.019 5.5013 0.027
0.5 10.6341 13.2954
1.2 9.4261 14.5336
2.1 6.0955 12,2742
3.4 0.0501 8.8018
5 4.4338 8.4194
5.9 1.9461 4.0422
7 0.0000 0.0000
3.4 0 6.9750 0.0145 2.4525 0,0150
0.5 8.1708 7.2482
1.2 7.6274 8.0739
2.1 5.5059 6.8192
3.4 1.2635 4.9316
5 2.4241 5.0145
5.9 1.0739 2.4101
7 0.0000 0.0000
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Table 16. The calculated results for absolute errors and
Euclidean norms for unequal spacing in a radially
reflected core at different radial levels

r 2 _gine-poingver all _give—poingver all
Ei x 10 QZ norm Ei x 10 QZ norm
0 0 0.0000 0.015 0.032 0.0000 0.012 0.057
0.5 4.1068  3.5372
1.2 8.0393 5.9306
2.1 9.5645 5.5013
3.4 6.9750 2.4525
5 0.0000 0.0000
0.5 0 5.5330 0.014 9.8639 0.027
0.5 4.66882 13.2392
1.2 8.6475 15.0606
2.1 10.6341 13.2954
3.4 8.1708 7.2482
5 0.0000 0.0000
1.2 0 0.8367 0.014 11.6693 0.030
0.5 3.1232 14.8633 Q;
1.2 7.1029 16.4963
2.1 9.4261 14.5336
3.4 7.6274 8.0739
5 0.0000 0.0000
3.4 0 8.0554 0.010 7.0512 0.018
0.5 5.5649 8.9519

1.2 2.6604 9.9463
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Table 16 (Continued)
r 2 Nine-point Five-point
By X 10—3 %2 Ovﬁir;ll By x 10-3 Z2 Ovzgrill
2.1 0.0501 8.8018
3.4 1.2635 4,9316
5 0.0000 0.0000
5 0 7.6262 0.013 9.498 0.020
0.5 6.8353 9.9392
1.2 5.7403 9.7861
2.1 4.4338 8.4194
3.4 2.4241 5.0145
5 0.0000 0.0000
5.9 0 3.4505 0.006 4.5772 0.009
0.5 3.0811 4.7800
1.2 2.5744 4.6997
2.1 1.946l1 4.0422
3.4 1.073¢ 2.4101
5 0.0000 0.0000
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Table 17. The calculated results for the absolute errors and
Euclidean norms for unequal spacing in an axially
reflected core at different radial levels

t 2 . —gine_pOingver all —give_POingver all

Ei x 10 22 norm Ei x 10 22 norm

0 0 0.0000 0.017 0.032 0.0000 0.019 0.065

0.5 3.3114 3.0821
1.2 6.8140 6.0966
2.1 9.1620 8.1434
3.4 7.7172 9.7077
5 8.0772 11,3705
5.9 2.4637 5.3258
7 0.0000 0.0000
0.5 0 1.0691 0.018 12.3577 0.039
0.5 4.4104 15.2753
1.2 7.9860 17.7134
2.1 10.4258 18.413¢
3.4 10.0221 16.9178
5 5.8732 13.5052
5.9 2.9078 6.3452
7 0.0000 0.0000
1.2 0 0.0562 0.016 13.1323 0.040
0.5 3.2333 15.8654
1.2 6.7322 18.1159
2.1 9.3664 18.8638
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Table 17 (Continued)
t z _I;ine-poingver all _give-pointo:ver all
By x 10 % norm E; x 10 22 norm
3.4 9.4447 16.8525
5. 4,6853 12.9399
5.9 2.5704 6.0842
7 0.0000 0.0000
2.1 0 2.2877 0.011 6.8954 0.026
0.5  0.4168 9.2383
1.2 3.5298 11.3365
2.1 6.1349 12,2482
3.4 6.8002 11.7533
5 3.3133 10.0476
5.9 1.9236 4,7225
7 0.0000 0.0000
3.4 0 5.0542 0.0067 1.3631 6.0073
0.5 3.4285 0.0595
1.2 1.4008 1.5368
2.1 0.6080 2.6653
3.4 1.9292 3.6903
5 1.1605 4,8132
5.9 0.8743 2.2579
7 0.0000 0.0000




102

Table 18. The calculated results for the absolute errors and
Euclidean norms for unequal spacing in an axially
reflected core at different axial levels

z r _gine-poingver all -giveZPOingver all
E; x 10 ) norm i ¥ 10 %5 norm
0 0 0.0000 0.006 0.032 0.0000 0.019 0.065
0.5 1.0691 12.3577
1.2 0.0562 13.1323
2.1 2.2877 6.8954
3.4 5.0542 1.3631
5 0.0000 0.0000
0.5 0 3.3114 0.007 3.0821 0.025
0.5 4.4104 15.2753
1.2 3.2333 15.8654
2.1 0.4168 9.2383
3.4 3.4285 0.0595
5 0.0000 0.0000
1.2 0 6.8140 0.013 6.0966 0.029
0.5 7.9860 17.7134
1.2 6.7322 18.1159
2.1 3.5298 11.3365
3.4 1.4008 1.5368
5 0.0000 0.0000
2.1 0 9.1620 0.018 8.1434 0.030
0.5 10.4298 18.4130

1.2 9.3664 | 18.8638
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Table 18 (Continued)
z r _I;ine—pbingver all _I;‘ive-poin(t):ver all
By x 10 %2 norm E; x 10 22 norm
2.1 6.1349 12,2482
3.4 0.6080 2.6653
5 0.0000 0.0000
3.4 0 7.7172 0.017 9.7077 0.029
6.5 10.0221 - 16.9178
1.2 9.4447 16.8525
2.1 6.8002 11.7533
3.4 1.9292 3.6903
5 0.0000 0.0000
5 0 8.0772 0.012 11.3705 0.025
0.5 5.8732 13.5052
1.2 4.6853 12.9349
2.1 3.3133 10.0470
3.4 1.1605 4,8132
5 0.0000 g.c00¢
5.9 0 2.4637 0.005 5.3258 0.012
0.5 2.9078 6.3452
1.2 2.5704 6.0842
2.1 1.9236 4.7225
3.4 0.8743 2.2579
5 0.0000

0.0000
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A. Completely-Reflected Cylindrical Core

In this case, the completely-reflected cylindrical core
is considered as shown in Fig, 57. Eqgual and unequal épacing
along the radial and axial axes are considered as shown in
Figs. 58~59, and 66-67. The results for this case may be

arranged as follows:

l. Equal spacing

The neutron flux values for this case are calculated
using the nine-point formula and the five-point formula and
tabulated in Tables 19-20. Graphs for the neutron flux versus
radial (z = 0) and axial (r = 0) distances are shown in Figs.
60-63. Also, graphs for the residual vector norm versus
iteration are shown in Figs. 64-65.

The purpose of this calculation is to show the validity

cf the ni int formuia for a completely reflected
cvlindrical core. The analytical solution for this kind of
calculation can not be determined. No comparison has been
made between the nine-point formula and the five-point formula
with respect to accuracy.

The convergence rates as calculated from the slope of the
curve of Figs. 64-65 for the nine-point formula are 0.45% and
0.397 and for the five-point formula are 0.299% and 0.287,
respectively. These results indicate that the nine-point

formula converges faster than the five-point formula.
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Fig. 57. Completely reflected cylindrical reactor core
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- Fig. 58. Equal spacing with more spacing along the radial
axis for a completely reflected cylindrical reactor
core ,
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Table 19. The neutron flux distribution in a completely reflected cylindrical core
for equal spacing along the radial and axial axes and input data of Dc =

1

0.5 cm, I = 0.1385 cm , D, = 1.0 cm, = 0.1 cm
Method 2 r 0 1 2 3 4 5 6 7
NPS 0 1.000 0.954 0.829 0.638 0.407 0.162 0.067 0.000
1 0.939 0.896 0.778 0.599 0.382 0.153 0.063 0.000
2 0.762 0.727 0.632 0.487 0.311 0.125 0.052 0.000
3 0.491 0.468 0.407 0.315 0.203 0.083 0.035 0.000
. 4 0.155 0.152 0.133 0.103 0.067 0.036 0.018 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
FPS 0 1.000 0.915 0.782 0.595 0.373 0.144 0.059 0.000
1 0.938 0.858 0.733 0.558 0.350 0.135 0.056 0.000
2 0.759 0.695 0.594 0.452 0.284 0.111 0.046 0.000
3 0.486 0.445 0.380 0.290 0.184 0.074 0.031 0.000
4 0.152 0.1387 0.119 0.091 0.060 0.032 0.015 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

6CT



Table 20. The neutron flux distribution in a completely reflected cylindrical core
for equal spacing along the axial and radial axes and input data of D c =

0.5 am, £_ = 0.1536 cm ©, D_ = 1.0 cm, I_ = 0.1 cm

Method rz 0 1 2 3 4 5 6 7

NPS 0 1.000  0.962 0.851  0.676  0.448  0.181  0.077  0.000
1 0.926  0.891  0.788  0.626  0.415  0.172  0.07L  0.000
2 0.726  0.699  0.619  0.491  0.327 0.136  0.057  0.000
3 0.441  0.425  0.376  0.299  0.201  0.086  0.037  0.000
4 0.129  0.124  0.110 0.088  0.060 0.034  0.017  0.000
5 0.000  0.000  0.000 0.000 0.000 0.000 0.000  0.000

FPS 0 1.000 0.962  0.850  0.673  0.444  0.179  0.076  0.000
1 0.863  0.830  0.733  0.581  0.383  0.155 0.066  0.000
2 0.658  0.633  0.560  0.444  0.294  0.120  0.051  0.000
3 0.391  0.376  0.333  0.264 0,176  0.074  0.032  0.000
4 0.108 0.104  0.092  0.073  0.051  0.028  0.014  0.000
5 0.000 0.000  0.000  0.000 0.000  0.000  0.000  0.000

0€T
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2. Unequal spacing

The neutron flux values for this case were calculated
using the nine-point formula and the five-point formula and
tabulated in Tables 21-22. Graphs fqr the neutron flux versus
radial (z = 0) and axial (r = 0) distances are shown in Figs.
68-71. Plots of residual vector norm versus iteration are |
shown in Figs. 98-99.

This calculation was performed in order to show the
validity of the nine-point formula for the completely reflected
cylindrical core calculation where the analytical solution can
not be determined. No comparison was ﬁade between the nine-
point formula and five-point formula with respect to accuracy.

The convergence rates as calculated from the slopes of
the curves of Figs. 72-73. For the nine-point formula the
rates are 0.279 and 0.333 and for the five-point formula the
rates are 0.191 and 0.234. Therefore, these results indicate
that the nine-point formula converges faster than the five-

point formula.



138

~ Fig. 66. Unequal spacing mesh with more spacing along the
radial axis for a completely reflected cylindrical

reactor core
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Fig. 67. Unequal spacing mesh with more spacing along the
axial axis for a completely reflected cylindrical
reactor core



Table 21. The neutron flux distribution in a completely reflected cylindrical core
for unequal spacing along the radial and axial axes and input data of D, =
0.5 cm, % = 0.1385 cm™ ', D_ = 1.0 cm, I_ = 0.1 cm '

Method . 0 0.5 1.2 2.1 3.4 5 5.9 7

NPS 0 1.000 0.988 0.938 0.816 0.555 0.164 0.075 0.000
0.5 0.975 0.963 0.914 0.796 0.541 0.160 0.073 0.000
1.2 0.882 0.871 0.826 0.720 0.490 0.146 0.067 0.000
2.1 0.674 0.664 0.629 0.548 0.375 0.115 0.053 0.000
3.4 0.235 0.235 0.224 0.196 0.135 0.055 0.028 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

FPS o 1.000 0.979 0.924 0.802 0.539 0.147 0.067 0.000
0.5 0.975 0.954 0.901 0.782 0.525 0.143 0.066 0.000
1.2 0.880 0.861 0.813 0.706 0.475 0.131 0.060 0.000
2.1 0.666 0.652 0.616 0.535 D.361 0.103 0.048 0.000
3.4 0.218 0.214 0.202 0.177 0.122 0.048 0.024 0.000
5 0.000 0.000 0.000 .0.000 0.000 0.000 0.000 0.000

. 0%T



Table 22. The neutron flux distribution in completely reflected cylindrical core for
unequal spacing along the axial and radial axes and input data of Dc =

_ -1 B _ -1
0.5 cm, I = 0.1536 cm ~, D, = 1.0 cm ¥_ = 0.1 cm
Method . z 0 0.5 1.2 2.1 3.4 5 5.9 7
NPS 0 1.000 0.987 0.939 0.828 0.584 0.172 0.081 0.000
0.5 0.976 0.963 0.916 0.808 0.568 0.172 0.078 0.000
1.2 0.874 0.862 0.820 0.723 0.508 0.156 0.071 0.000
2.1 0.642 0.634 0.603 0.532 0.375 0.119 0.055 0.000
3.4 0.201 0.198 0.189 0.167 0.119 0.051 0.027 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
FPS 0 1.000 0.986 0.936 0.823 0.574 0.169 0.077 0.000
0.5 0.956 0.943 0.895 0.787 0.550 0.162 0.074 0.000
1.2 0.846 0.835 0.793 0.698 0.488 0.145 0.067 0.000
2.1 0.614 0.605 0.576 0.507 0.356 0.109 0.051 0.000
3.4 0.169 0.166 0.158 0.140 0.101 0.043 0.023 0.000

0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

LS A!
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IV. CONCLUSIONS

The technique of formulating the one-group time independ-
ent neutron diffusion equation in cylindrical geometry in
terms of the nine-~point finite difference equations resulted
in more accuracy than the five-point formulation. The accuracy
of the nine-point formulation over the five-point formulation
was illustrated for a variety of configurations in reactor
physics problems. The configurations include a bare reactor
core, radially reflected reactor core, and axially reflected
reactor core. The accuracy of the nine-point formula over the
five-point formula is not affected by the spacing along the
radial and axial axes. This accuracy was measured by the
absolute error and Euclidean norm criteria.

The nine-point formula converges faster than the five-
point formula for a}l calculations concerned with this reactor
physics problem. This was illustrated by computing the slépe
of the curve from the plots of residual vector norm vs. itera-

tion.
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V. SUGGESTION FOR FURTHER STUDY

The nine-point finite difference formulation technique
for the one~group static neutron diffusion equation in two
spatial dimensions (r~z) cylindrical geometry exhibited
increased accuracy and convergence rate over the five-point
finite difference formulation for regions with homogeneous

Dirichlet boundary conditions for physical surface (¢surFace =

0) and homogeneous Neumann condition (%% =0, %% = 0] on the
J

other boundaries. The nine-point finite difference formula-
tion may be readily extended to the neutron diffusion equation
in three dimensions (x, y, z) in rectangular geometry.

The present work may be extended to related fields deal-
ing with the Helmholtz equation in r-z cylindrical geometry

(for example the nonhomogeneous equation U%D(r,z)v¢(r,z) -

3]

I(r,z)¢(r,z) + S = 0). Further work may be acco
the mixed boundary conditions which stated in physical terms
means no inbound neutron current (or possibly an albedo

boundary) .
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VIII. APPENDIX A:

OF THE FLUX AB
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TAYLOR SERIES EXPANSIONS

OUT A POINT (ri,zj)

The expansions of the flux at the points (ri+1,zj),

(ri—l’zj)' (ri'zj+1)' and (ri,zj_l) in terms of

(ri,zj) are

%141 = 91

2 3

R 2 R

07 = 6o + RDLO, + 5

%i,5-1 = 93

03 = 05 = L Dpog ¥

1,541 = 92

¢2=¢O+TDZ¢O+

%i,5-1 % %4

¢4 = ¢o - B Dz¢o +

The expansions of the flux at the corner point,

(i+1,9+1), (i-1,3+1

the point (i,j) are

3 4
Dio, + g— Dyo, + 0(h”)

2 3
L 2 L 3 4
7 Dpdo = 5T D% * o(h”)
2 3
T 2 T 3 4
5~ Dpbo * g Dpb * o(h7)
2 3
B 2 B 3 4
3~ Dydg = § Dpdo + O(h7)

(a-1)

(A-2)

(A-3)

(A-4)

)i (i"llj"l)r and (i+llj"1) about
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S
541,941 = ¢
1l -3 1 m
¢ = I —— (RD_+ TD_,)) ¢
m=0 m! r z ©
¢l = ¢ + RD_¢_ + TD ¢
o r'o z'0
1 2.2 1 2.2 »
+ 3 R qu)o + 5 T Dz¢o + RTDrz(bo
1 .3.3 1 .3.3 1 .2
g RDO, t g TDe, TR TDrrzto
1l 2
+ 3 RT'D.. .0,
4
+ 0(h”) (A-5)

By adding and subtracting ¢o to the right hand side of Eq. 5
and by substituting for the resulted terms from Eg. A-1l and

Eq. A~3, the result is

9541,5+41 = %i+1,5 t 41,541 T %o t RTDyp0

1
* g RTDypg0
1 .2
* 3 RT'D a0t
4
+0(") (A-6)
Eq. A-6 may be written as
] 1 .2 1 2

9~ = ¢ = ¢y ¥ by = RID ¢, + 5 RTD . .05 + 3 RT Drrls

+ o(n%) (A=7)
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2
011,541 = ¢
3
02 = £ X (-zp_+ )™ ¢
m=0 m! r 2 0
92 = ¢ - LD_¢_+ TD o
(o] ro 20
1 .22 1.2
+ 5 18D2p + 5 TDI4 - LID, b,
1,33 1,33 1.2 1,2
6 L Dr¢o + 6 T Dz¢o * 2 L TDrrz¢0 2 LT Drzzq)o
+ ot (A-8)

By adding and subtracting ¢o to the right hand side of Eq. A-8
and by substituting for the resultant terms from Eq. A-2 and

Eg. A-3, the result is

di-1 i+l = ¢l=l,] * ¢i,3+1 T 0 T I"TDqu)o
1.2
3 L%
1 2
7 LT Dyyats
4
+ 0(h7) (2-9)
Equation A-9 may be expressed as’
2 : L1 -2 1 2
07 = b3 7 9y T bg = 7 LIDL 0, * 5 L TDypp00 T 7 LT Prggds

+ o(?) (A-10)
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_ .3
bi-1,5-1% ¢
3
3 1l m
= )% = (-LD_ - BD
? m=0 m! ( r Z) ¢°
¢3 = ¢_ = LD - BD
o r o z 0
1 2.2 1 .2.2
+ 5 LDg, + 7 BD 0, LBD,.,%,
1 _.3.3 1 1 .2 1 2
g LDd, "% Db~ 37 L BD, ¢ = 7 LB D2z
4
+0(h™) (A-11)

By adding and subtracting ¢o to the right hand side of Eq.
A-11 and by substituting for the resultant terms from Eq. A-2

and Eq. A-4, the result is

—%LBD 6+ 0(h") | (a-12)

+ oY . (a-13)
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_ .4
541,941 = ¢
3 _
4 1 n

= X = (RD BD
’ m=0 m! r Z) ¢°
¢)4 = ¢ + RD - BD

T Yo r¢o z¢o

2.2 1 .22
7 B Dy, = RBDrzd,

133 _1.33 1.2 1.2
T g RD0, m g B e, 75 RBDppyby 3 RB Dyzzf,
4
+ O(h™) ‘ (a-14)

By adding and subtracting ¢o to Eq. A-14 and by substituting

for the resultant terms from Eq. A-l1 and Eq. A-3, the result

is
A " 2
x _ A - 1 - - ﬁl d) - 1—_ nznﬁ P el ‘n N
¢ 93 7 94 * 9 RBD 05 = 5 RBD,. 0, + 3 RB Dr22?s

+ oY | (a-15)
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IX. APPENDIX B: SIMPLIFICATION OF DERIVATIVE TERMS

1. Simplification of the partial derivatives %% and %%

. R L T
h + = - - = - - L+ =
at the points (r, e Z zj), (r. 50 2 zj), (r~r., zJ 2),

B
and (r-r.,zj 5).<

1

a. From Eq. 12

_ 2
or R Dr¢o *3 Drd’o * (2 zj)Drzq’o * 8 Dr¢o
r= ri+§-
| R 1 2
) (z'zj)Drrz¢o *3 (z~zj) Dyz2%

2

_ N, 4 R 2 R® 3
Let A= Drwo + 3 Dr¢0 + 3 Dr¢°
2 3
L1 R 2 R® 3
or A= R (RDr¢o ) Dr¢o t 3 Dr¢o)

R’

3 . .
3 Dr¢o to the right side,

By adding and Subtracting ¢o and

the result is

1 R2 2. R .3
A= R (¢o + RDr¢O f 3 Dr¢0 + T Dr¢o
&S 3 %3 3
= 0o * g Db = Drdy)
From Eq. A-1l
2 3

- R” 2 R” .3 4
¢l = ¢o + RDr¢o + 3 Dr¢° + 5 Dr¢o + 0(h”)
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thus,
¢ ¢ 2
-1 o _R 2 B-1)
A=—5 24 Dr¢o (
F=D_ +3D
Let - r, 2 rrzbo
From Eq. A-15
4 1.2 1.2
¢ = ¢y = ¢y + ¢, = “RBD 0, = 3 R™BD . 0, + 3 RB Drzz%
+ otm?)
Thus,
4
¢ - ¢l - ¢4 * ¢o B
F=- RB * 7 Dyypfo (B-2)
From Eg. A-7
b l ‘2:—* .
o - by = by 95 T RIDpaly ¥ 7 K Mg
+Lee?p_ g, + ol
< zz
Thus, 1
A -— A -
A Sl T S (8-2")
F= RT 2 “rzz'o
- lr'“ ‘ —
Let c=3D.,,0 (B-3)



160

Therefore, Eq. 12 may be written as

3 = A+ (z-2.)F + (z-z.)2C (B-4)
or R j |
r=ri+-2—
b. From Eq. 13
9% =D ¢ - ZD0% + (z-2.)D__¢_ + L2 D2
or L = Dy¥o = 7 Dy j’“rzo © 8 “r'o
=EiT7
L 1 2
3 (z-zj)Dr 0 + 3 (2 zj) Drz2%
rz
Let A' = D¢ - L p2 +-Ii?ln3¢
= Dpdy = 3 Dpéy + 5 Dets
2 3
- -1 L™ p2y -L_p3
or Al = -3 ( LD by + 77 Dpfy ~ 3 Dr¢o)
13 3
By adding and subtracting ¢o and . Dr¢o to the right side, the
result is
2 3 3
_ 1 _ L“ 2. _L° 3 L° 3
A = - 5 (0 = Doy + 5 Dby = 5 Dpdg * B Drto
.3
L 3
-5 Dpo, - 8g)
From Eq. A-2
2 3

o > 2. _1° 3 4
¢3 = 9, ID ¢, + 3= Do, - % D oo * o(h™)
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Thus,
by = ¢ 2
v .3 o _L ;3 -
A' = I 57 Py 96 (B~5)
- - L
Let F' = Dyydo = 7 Prrzbo
From Eq. A-10
2 o 1.2 _1l .2
- - ¢3 - ¢2 + ¢)o = - LTDrz<bo + 5 L TDrrz¢o 5 LT Drzz¢o
+ ot
Thus,
2. - +
LT 2 "rzz'o
From Eq. A-13
3 1.2 1 2
$7 = by 7 by * 0y = IBD 0, = 5 L7BDpyppdy = 3 LBD. .0
+ 0%
Thus; 3
07 = 63 b, * ¢
Y _ O l e

F' = ) + 3 BD,.,, b, (B-6")
Therefore, Eq. 13 may be written as

36 _ _ . 2 _

bra = A' + (z zj)F + (= zj) C (B 7)



c. From Eg. 14

3¢ =
92 T D ¢o +
2=z .+>
2
.
+
_ - T 2
Let G = Dz¢o + 5 Dz
or G = 1 (TD_o¢  +
T z'0

162

(r=r;)D, 05 + % D§¢o

L tzr 3% D0,

% (r=r;)Dpp5% V%E D§¢o
0% * %3 Dz¢o

By adding and subtracting ¢o and T D2¢o to the right side,

the result is

% 2
7 D,

= 1
G =3z (¢o + TD, ¢, +
From Eq.’A-3

T2

[¥3)
w
=3

T
% * T Do * 3 D2% " 7 Dz " %

2 73 3

- 4
by = by * TD, ¢ + 5~ D¢, + g~ Do * o(h™)

Thus,

G T

_ % 7% r? 3

T Dzd)o ) (B~8)
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T

Let H = Dyu0, + 5 Dpyzb,
From Eq. A-7
1 1 .2 1 .2

7 - 9y T 9y F 9 = RTDy, ¢, + 5 R°TDypp0, + 5 RT“Dyp b

+ oY
Thus, 1
¢ = ¢, = 0, + 0
- 1 2 o_1 -
= RT 2 R Drrz¢o (B-9)
From Eq. A-10
2 o 1.2 1.2
07 = b3 = ¢y + 6, = - LTD, ¢, + 5 L Dyt = 7 BT Drypr®s
+ otn?)
Thus, 2
¢ - ¢3 - ¢2 + ¢
- O i ot
H = T + 3 L Dyppds (B-9)
Let K=21% p ¢ (B-10)
2 Yrz'o
Therefore, Eq. 14 may be written as
o) _ _ _ 2 _
= . =G + (r ri) H+ (r ri) K (B-11)
z=z.+=

j 2
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d. From Eq. 15

2 - - SB 2y 4 L (pip)2
3z - Dz¢o + (= ri)Drz¢o 2 Dz¢o + 2 (x ri) Drrz¢o
B .
Z-Zj-z- . vy
B 3% 3
- 73 (r-r;)D .0, * g~ Dpéy
Let
G' = D_¢_ - 5 D% +5?ln3¢
270 2 "z70 8 Z0
or
: 2 3
T . B” 2, -B"j3
¢ =-3 (-B Dz¢o t3 Dz¢o 8 Dz¢o)
B3 3
By adding and subtracting ¢o and T Dz¢o to the right
side, the result is
2 3
TR - B” .2, _ B3, _
G = B (¢o Bqu’o 3 Dz¢o 6 Dz¢o ¢o
3 3
+ 2 plo, - 3 D30,
From Eg. A-~4
. ) 3
B 2 B 3 4
¢4=¢O—BDZ¢O+§—DZ¢O-B—DZ¢O+O(}1)
Thus,
¢4'¢
Vo .4 o _1 2.3 -
G' = 5 57 B D b, (B-12)
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Let

B
' = - e
H' = Drz¢o 2 Drzzq’o
c_ 1 1.2
H B (LBDr 9 =7 LB Drzz¢o)
From Eq. A-13
3 _ _ 1.2 122
97 = b3 = ¢y + b, = LBD. 0, = 3 L'BDy ;05 7 3 LB™Dy, 2%
+ o(h4)
Thus, 3
" - 94 - ¢4 + ¢
v _ o !-_ -
Bo= T8 * 5 L Dprzdo (B-13)
From Egq. A-15
4 - _1 .2
A T 7R RBD, ;05 = 7 R BDyp %
1 2 4
+ 5 RBD by * o(th”)
Thus, 4
S T S
- . — - o -]
= RB 7 R Drrzd)o (B-13")
Therefore, Eq. 15 may be written as
3¢
dr

2
=G + (r-ri)H' + (r-ri) K
-, B

(B-14)
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2, Simplification of P, Q, and M.

_ W2 R, 2
2
- 2 _ - - R
P = ry r riR
2
= - - R : -
P = riR 7 (B-15)
b:
- 3 _ R,3
Q = ri (rl + 3
2 3
- - 3.3 3R_ . R R
Q =13 -1 -3 35T T3
3
- -3 .25 _3 2 _RT -
c:
. R, 4
M= r. (ri + 3
3 4
u=r4'r‘.1-4r-§-"6r2§w—4r.5—-"5'7
x 1 i2 i Z4a in Lo
M= -2¢r R-§~2R2=-1-rR3—3i (B-17)
- 2 ti 2 “i 16 :
: Evaluation of £ Q - & r.p
c: valuation of 3 o] 7 Ty

By.substitutiﬁg for P and Q from Eg. B-15 and Eg. B-16,

respectively, the result is

3
0 - 5 riP = -3 r.R (B~18)

i
P
i~
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. 1 2 1 .2
d: Evaluation of 7 M - 3 riQ + 5 riP

By substituting for P, Q, and M from the Equations (B-15,

B-16, and B-17), respectively, the result is

1 2 1.2, _1 3_1 .4 _
TM-5r,0+35rP=-350R z7 R - (B-19)
. 1 1 1 2 1l .2
e: Evaluation of [R(§ Q - 5 riP) (Z M 3 ri Q + 3 riP)]

1

By substituting for (% Q-3 riP) from Eq. B-18 and for

1 2 1.2 .
(Z M-3 riQ t 5 riP) from Eg. B-19, the result is

1 1 _1 3_1 4 (e
R(-g Q - '2— riP) = -8- riR 74 R \b 20)
Thus,
1 1 1 2 1 __ 1 3_1 4
R(FQ -5 r;P) - (M- 31,0+ 5riP)=~-35 ;R - 5R
(B-21)
3. EBvaluation
a:
1 1 1 1 2 1 2.,
D[RG3 Q- 5P - (T M- 31,0+ 5 rPID. 0,
. . 1 1 1 2 1 2
By substituting for [R(§ Q - 5 riP) (Z M 3 riQ t 5 riP)]
from Eg. B-21 and lumping the term - %5 D1R4D.rrz¢o with the
truncation error 0(h4), one has
1l 1 1l 1 2 1 .2 1 3
2 RGO - rP)-(g M- 370+ 5 5P = 57 DfiR Prrgdo
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1 2 .3
78 DlPT DZ¢O

By substituting for P from Eq. B-15 and then lumping the

4 _
term - T%- D1T2R2D2¢o with the truncation error O(h~) one has’

%g DlPT2D3¢° = - %g DlriRT2D2¢o (B-23)
Thus, the terms that include the derivatives in Eq. 17 may be

written as

= 4 1 l1,-
ID = + 5 Dl[R(':—; Q

L
2

1 2 i .2 :
riP) (FM-3r0+3 riP)]Drrz¢o

II—'

2.3
DlPT Dz¢o

o
<0

3nn3

D riR TDr¢o

&l

1

© g |
D riT Drzz¢o (B-24)

X
N

1

By substituting for the first and second term in B-24 from

Eg. B-22 and Eg. B-23, one has

ID = - %Z DlriR3Drrz¢o %5 D1rlRT2D2¢°
- %ﬁ DlriRzTDi¢o 24 DlriT3brzz¢o
or
ID = - %g DlriRT(TDg¢o + RD3¢°)
B %@ (R3Drrz¢o * T3Drzz¢o) (B-25)
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4. Simplification of P', Q', and M'

Pl

Pl

P' =

M!

M' =

d: Evaluation of [(E M!'

L2
(x; = 3) o]
: 2
r2 - .L + L r?
i 4 i
2
L
L,3
(x; =37 -3
3 2 L L
ri 3ri 3 + 3ri e
3 2 3 2
L, 4
(x; -3 -1
4 3L, ., 2L
r; = 4ry 3+ 61y 3
- 2r§ L+ i r2 L2
i 2
1 _'2-\'r:Q'
] 1

(B-26)
I A
8 i
3
L
. (B-27)
3 4
L L 4
ST S v
4
:
Sro L+ (5-28)
+ % riP')+L(% Q' - % r;P")]

By substituting for P', Q', and M' from the equations

(B-26, B-27, and B-~28) one has

1
2

L(Z Q'

2

M' - £

3

'
riQ +

1

- - t
5 r.P")

1

1

2

u
r,P"=
i

Q] =

4
1 3 L
T Yt
(B-29)
3 1l 4
rl L - §—4~ L
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or
1. _ 2 ' 1 ' 1l 021 '
[(4 M -3 riQ + 5 riP ) + L(3 Q 5 riP )]
1 3_1 .4 _
=13 r,L T3 ; (B-30)
5. Evaluation
a:
-1 Iy -2 v L iy (Lo - L '
5 Dyl M' - 37,0 + 5 PO L O - 5 rP)ID 0,
By substituting for [(l MY - 2 r.Q' + 1 r P‘)+L(£ Q - lr P')]
Y 9 ) 3 Ty 2 53 3 7 Tif

. 1 4
. from Eq. B-30 and lumping the resulted term 193 D,L Drrz¢o

with the truncation error O(h4) one has

"'-:-L— -]:.'-Z ' l |} _]_‘_l__]_-_
5 D2[(4 M 3 riQ + riP ) + L(3 Q

3 7 T3P 1D, 0

rrz'o

A
N 2.
74 Y2 TiY Yrrz%

i
H
t'l
w

[]
(A
l—‘l

By substituting for P°' from Eg. B-26 and lumping the

- 4
resulted term 1%7 D2 L2T2D2¢o with the truncation error O(h7),
1 2

T P'Dg¢o = - L p.r.17%Dpl (B-32)

3 D 18 DoTi
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Thus, the terms that include the derivatives in Eg. 19 .may be

written as

3
DzriL Drrz¢o

N'I—'
N

2 3
D,r LT“ D ¢

.bll—‘
o)

2

2 3
DzriL T Dr¢o

)
o)

3
riT D ¢

D rzz'o

Nlb—'
o

2

or

1_

' 3 3
75 Dpry LT(TD ¢, - L Do)

IE = - 271

N
24

o -T2 D _6) (B-33)

s
Dzri(L D o “rzz'o

rrz

1 2,3,
-4—8- D3B P qu)o

By substituting for P' from Eg. B-26 and lumping the

resulted term - T%g DQBzL2D3¢O with the truncation error 0(h%),

one has
1 2,3, _ 1 2.3 R
L p.8%'plo, = 37 D,r,BLD 0, (B~34)
d:
_]; l'—:z; 9 _]_'_21- l‘.'-.]L
7 Dyl M' = 3 r,0" + 5 x{P') + L(z3 0" - 5 r;P')ID, 0,
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By substituting for [(% M* - % riQ' +'% riP')+L(% Q' - % riP')]

from Eq. B-31, one has

1 1 2 1 2 1 1
7 D3l W' = 5 5y@ + 3 rPHLGE QT - F E P ID
= L 3 -
= 37 P35l Dppgbo (B-35)

Thus, the terms that include the derivatives in Eq. 21 may be

written as

1
t 57 D3riB DL, 9%

or

3 2
D,r, LB(BD,¢, + LDL6)

6o *+ B7D,_ 40) (B-36)

+ 1
zz O

51 D

r1.(L3 D

(P8

rrz

2
D4B

I~

3
P Dz¢o

o)
(o

By substituting for P from Eq. B-15 and lumping the

1 2,23 . . .
resulted term - 193 D4B R Dz¢o with the truncation error

0(h4), one has
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- 35 D, B’P D)o, = TR B° R D29 (B-37)
£:
% D4[(% M- % riQ * % rEP) - R(% Q- % riP)]Drrz¢o
By substituting for [(% M~ % rlQ + % riP) - R(% Q - % riP)]
from‘Eq. B-22, one has
% D4{(% M- % riQ+ % riP) - R(% Q- % r;PYID. 06
= %Z Dy ¥4 R’ Drrz% (B-38)

Thus, the terms those include the derivatives in Eg. 23 may be

written as

IH = iw D, r. 32 R D3¢A
40 & X o v
1 2 .3
-Zg Dy r; B R” D ¢
1 3
+ ‘2—4- D4 r. R Dr (bo
rz
1 3
- ﬂ_ D4 ri B Drzz¢o
_1 3. 3
IH = v D4 r, R B (B Dz¢o R Dr¢o)
1 3

3
57 D4 ri(R Drrz¢o - B ‘Drzz¢o) (B-39)
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X. APPENDIX C: APPLICATION OF

2 Zn
THE IDENTITY V°¢ = 5 ¢
n

1. Simplification of the following terms:

a: - 3z D, r; RT(T DJg_ + R DJ4,)
b: - 711-5 D, r, LT(T chbo - L Dicbo)
c: + %ﬁ Dy Iy LB(B Dg¢o + L Dz¢0)
d: + -i-g D, T4 R_E(Blqu)o - R Dg¢0)

The above terms have appeared in relations 25, 33, 36, and 39
of Appendix B, respectively. These terms may be further

simplified by using the following techniques:

v ¢o - Gn¢ =0 o (C-1)
zﬁ
n
Thus,
2 _ -
Vi, = 0,9, : (c-2)

The Laplacian operator Vz may be expressed in cylindrical
géometry (r-z coordinates) as

2 _ 2. 2.1
Ve = Dr + DZ + T Dr
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or
76, = (b2 + D2 + %I D) ¢,
a: - %§ Dy 1y RT(TD2¢O + RD§¢0)
This could be simplified by using the following identity:
(ﬁDr + TDZ)V2¢O = (RDr + TDZ)(Di + Dﬁ + %; Dr)¢0
By substituting for V2¢o from Eq. C-2, one has
(RD, + TD,)0,¢, = RDi¢O + RD_,, + %; Di¢°
* TDrrz¢o % TD2¢0 * %; Drz%o
or

3 3, _
T D ¢, + R D¢, = (RD,+ T D)o, é,

1 2
. (RDr¢o + TD, ¢o)
i Z
= {F L (C-3)
‘QDrzz¢o + anrz¢o) ( )

By multiplying both sides of Eq. C-3 by - %ﬁ D, r, RT, one has

1 3 3 1
75 D ¥, RT(TD, ¢, + RDr¢O) =-75 Dy I T(RD_ + TDZ)01¢O

1 2
+ 75 D{RT(RDZH + TD_,b.)

1
+ 75 DlriRT(RDrzz¢o + TDrrz¢o)

(C-4)
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1 .
The term - 7g Dl r, 0, R.T(RDr + TDZ)¢o that appeared in Eq.
C-4 may be simplified using the following technique:

From Eq. A-1 and Eg. A-3

2 3
_ R® 2 R® 3 4
¢ = 0o+ RDL O, + 53— D0, + 7 Do, * 0(h”)
2 3 '
_ T4 2 7> 3 4
¢2 = ¢o + TDZ¢O + 5 Dz¢o + z Dz¢o + 0(h”)

By adding the equations then multiplying both sides of
resulted equation by - %E Dl r; RT 01 and then lumping the
terms of orders O(h4) and higher with the truncation erxror

0(h4), one has

1 .l o o, .
- I8 Dl r; og RT(RDr¢o + TDZ¢O) = - I3 Dl_ri 9, RT(¢1+¢2 2¢0)
4
+ 0(h") (C=5)

By substituting for - %g D, r; oy RT (RD_¢, + TD,¢.) in Eq.

C-4 from Eg. C-5, one has

1 3 3 _ _ 1 _
5D 1 RT(TDz + RDr¢e) =-7g D T; 9 RT(¢1 + 0, 2¢°)
+ X b Rr(moZy_ + TD__6)
48 ~1 r'o rz'o
+ X D r. RT(RD._ ¢+ TD__ ¢ )
48 71 i rzz'o ““rrz'o
4
+ 0(h") (C-6)
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Usinig the same technique as in (a) the terms in (b), (c),

and (d) may be simplified. Thus,

b:

1 3 3 .1 _
7§ Dy Ty LT(TD 0, = LD 6,) = = 75 Dpr;0y LT(d, + 63 = 20,)
+ X b nr(ra_ ¢_ - 1D% )
48 2 rz o r'o
1l
+ 7g Dyx LT(TD 0, - LD_,,0,)
4
+ 0(h7) (c~7)
c:
+ i by LB(BD3¢ +LD3¢)=-LDroLB(¢ + 0o = 20)
48 “371 270 ro’ 48 73713 4 3 o
-1 p LB(BD_ ¢ _ + LD2¢ )
48 73 rz'o r‘o
—-LDrLB(BD ¢ + LD $_)
ag 3717 T rxz o ¥ZzZ'O
4
+ 0(th’) (c-8)
d:
1 3 3 __ 1 _
18 D4r. RB(BDz¢o - RDr¢o) B 48 D4ri04 RB(¢4 * ¢l 2¢o)
1 2
- 78 D RB(BDrZ¢O - RDrcbo)
-1 b r. RB(BD._ 4 - RD._ ¢ )
48 74 i rrz'o rzz'o
4

+ 0(h’) (C-9)
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By adding Eq. C-6, C-7, C-8, and C-9, one has

1 3 3 1 3, _ .o3,
13 DlriRT(TDZ¢O + RDr¢Q) . T8 DzriLT(TDz¢o- uur¢o)
1
1 3 3 1 3 3
+ 13 D3riLB(BDz¢o + LDr¢o) . + 15 D4riRB(BDZ¢o RDr¢o)
3
= -1 b o, r. RT(¢, + 0, - 20)
48 Y171 i 1 2 c
-1l po.x LT(¢, + 6o = 2¢_)
48 “2°2 “i 2 3 o
-1 po,r. LB(é, + 0, - 26)
48 “3V3 Ti 4 3 o
-l po, r RB($p, + ¢, =~ 26 )
48 “4°4 “i 4 1 o
+ 1 p Rrr(rDZ$_ + TD__4)
48 "1 r'o rz7o’ o
1
1 2
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2z R
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1 ' 2, .
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z R,
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1
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1 » 1 .
- I3 D3r.LB(BD ¢o + LDrzz¢o)- is D41:'iRB (BDrr ¢ RD d)o)

i rrz z'0 rrz R
4
(C-10)
The terms including the derivatives in Eq. C-10 may be
rearranged as follows:
IN =
1 2.2 _ 1 2.2 _ 1 2.2, 1 2.2
T2 TR D4 T2, TL Do, TeD3BLDLé | + TgP4BRDLY,
R R R
1 3 4
1 2 1 2 1 2
78218 Pryfo R * 7Pt nrz¢o|R 730358 Drpf R
1 2 3
1 2
- T8PaRB D0,
R
4
1 2 1 2 1 2
T8P171TR Drpzfs R 780271 T Dyyp®s R 78P3%1BE Drzzq)olR
1 : 2 3
1 2 |
+ 7804T1BR Dyppds |
R, .
4
1 2 1 2 1 2
T8P15 RT Do | * 78P25i T Prrgfo|, ~ 78P3%iME Drrz¢o‘(
R R R
1 2 3
1 2
~ T8Pe*iRB Drrz¢o|
Ry

(C-11)
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The evaluation of the deriVatives, D2¢ | ; Do l ’
riolp rz'o|p

D , and DrZZ¢o

Rn Rn

rrz¢o

n .

n

forn=1,2,3,4, may be performed by

using the flux expansions as cited in Appendix A and then

applying the continuity of neutron current density between

adjacent regions. Also, the terms that are of orders 0(h4)

and higher have to be lumped with

Hence, the following formulations

as

2

1

= 2 -
Dr¢olR - DlLR(R+L5 (LD, (¢,

2 2 .
D,¢6 g D LR(RHL) (LD, (¢,
2
D2¢ = 2 (LD, (¢
ro R D3LRZR+L$ 4]

2 _ 2 _
Drq’olR = D,IR(RFD) [LD, (¢,
4
Dpod | = meei—
rzbo| = ZIRTD,
1 1
1
D. ¢
rz'o
R, 2

¢

¢.)

o)

¢)

o

the truncation error 0(h4).

have been obtained:

+ RD2(¢3

+ RD2(¢3

+ RD3(¢3

+ RD3(¢3

o1 . .. 2 . .. -
[DlL(¢_-¢l—¢2+¢o)=D2R(¢ =¢3=¢2+¢°)J +

+ O0¢(h)

(c-12)

+ 0(h)

(C-13)

+ 0(h)

o~
(@
|
[
i 59
AT d

+ 0(h)

(C-15)

O (h)

(C-16)

1 o Y 2_ .
= grRTDs [D1L(97-0170,%0,) "D, R(6%-43-0,+0,)1 + O(h)

(c-17)
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- L 3_4 - - 4_ . _
Drz¢o|R = JRED, [DaR(670370405) DL (4°=01-0400) ] + 01
3 (C-18)
D__¢ ( = ek [D,R($°-04=0,+0_)-D,L(6%-0.~0,+6 )1 + O(h)
rz'ojp 2RLBD4 3 3 Y4 %o 4 1 4 "o
1 (c-19)
c:
_ 2 P11 Dy 2
Drrz¢o R v" m 'R'—(d) —¢1-¢2+¢0)+L~(¢ -¢3-¢2+¢0) + O(h)
-1 (C-20)
2 o1 . Do N B
Drrzd’olR = B;_m E—Ub —(Pl-(Pz'r(Po)"' 'IT_((b "¢3=¢2'¢Ol + C(h)
2 (c-21)
o2 Paa e e Sgheg e |+ ot
Drrz% R - D31L+R)B 0703 Ogte )+ g 10 -0 94%%
3 L _
(C-22)
R D
2 ©3, .3 4,.4 T
Drr?o R =" BZTfiﬁTﬁ f—(¢ —¢3—¢4+¢o)+ ﬁ_(¢ -¢1_¢4+¢0) + 0(h)
a L -t
{C~23)
d:
D D h
2 1,,1 4,.4
Drzz%% . = EziTﬁiﬁyl?_(¢ “¢l‘¢2+¢o)+ §—(¢ ’¢1‘¢4+¢0) + O0(h)
1 - (C-24)
D o2 Prizy o ey e e | ¢ ot
rzz% - D2L(T+BS Fo(07-03705% 0,0+ g (070570, 40, ‘

2 - -~
_ (C-25)
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D D
= -2 2042 4 - _3e3-4 -
Drzz“’o\R = B;L—(TTET[T (670305405 + 5= (67-05 cl’4‘“‘1’0)] + 0(h)
3
{C-26)
Do, § ' = 2 E!'-(¢1-(b b+ )+ E£(¢4—¢ -d,+¢ )| + O(h)
rzz7o| D4R(T+B) T 1 727%'" B 17947
4
(c-27)
2. BEvaluation
_ l_ 3 3 '
1K = 24 Dlr'.i(R Drrz¢o + T Drzz¢o) R
1
1 2 3
- 57 Dpry (LD 0 = T Dypzo) R
2
1 3 3
t 37 D3ri(L Dirzb * B-Drzz‘bo) R
3
1 3 3
37 Dyr; (RD 0, = B Dyzz%0) R
4 .
{C-28)
The terms in Eg. C-28 may be arranged as
2 ¢ N
1 2 n aq) aq)
= o 21 o %] - S
IK = = 57 ;R {arz PLaz |, T PawEly
Lot 1 4)
r N
~J 1 t3"82 n 9%, - n ?¢o |
24 1 Lar2 \ 2 02 Rz 3 02 R4‘
— .
~ r 4
- L . T3 3% D °% -D Efg
24 i 2 1 % 2 or
L'c)z \ Rl R2“
2 [ 0 36 )
1l 3] 93 0 o)
+ 5 r.B D - D, —> (C-29)
24 "1 322 \ 3 or R3 4 dr R4J
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By applying the continuity condition of the neutron current

3 3¢ 3¢ 99
. . . o _ o) _0 = 2
density, 1-e.+ Dy 33| “Pamz |, r P2dz |, T P37 ‘R '
1 4 2 4
96 3¢ 3 30 |
o = 9 ) = —~2
by it R Dy o7 r and D3 3y R Dy 37 R one has
1 2 3 4
| L 2 ‘
By substituting for D¢ o D% e Drrz%0 z and D, 4, R
n n n n

respectively, and adding the result to Eg. C-30, one has

_ - 1 -
IN + IK = - 5 chl riRT (¢1 + ¢2 2¢o)

-l bo.r, LT(4, +6, - 20)
18 “292 ti 2 %3 c
i

- 78 D303 ¥; LB (04 + ¢35 = 2¢,)

- 75 Dy04 T; BB (0 + 0; - 2q>0)

+ LT (g-1) 11D, (6. - ¢_)+RD, (¢, = ¢_)1

T 94 TR ey o 2493 o

+ L B (R-1) (LD, (¢, = ¢_)+ RD,(¢5 = ¢ )]
24 TR 4\ o 3193 o

* 5 T (L+R) [1D) (§7-61=0+6) ~RD, (8°=65=0,+0) ]

3
&
&
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* 36 Ix
L L r,R
24 T
r. h
1
t 37T
T
H H
33T
.H B
1
Y 7
+ oﬁspv
3. Evaluation
I
M= -73
1
M
1
* 1¢
_ 1
16

184

(L4R) (1D, (80170 4105 =RD3 (67030, #8)
D B (61 =0; 0,400 ) DT (67-0, -0 4+0.) ]
i [D,B (§%-03=0,+0 ) +D3T (07=05-0,+8 )]
(D, L (670, =0,+0,) +D,R (67=6 50, +0,) ]

|||HU WAG Gw eb+9 V+U ﬁAe GH GA+G VH

(c-31)
% ¢ | - Iz I,r, T°R D,
r'olp 6 171 R
1 1
12 b o | - 3 Ir; 1% D,
R R
R2 R
.2 1 2
2% Dodo| * Tg T3¥s BL Dy
3 R3
an2 n g .1 - n2n n
BR CHeO 2 T 16 thw 5 R tNﬁO .
4 4
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and Dz¢o

R
n

can be evaluated using the

flux expansion relations as in Appendix A and lumping all the

terms of orders O(h4) and higher with the truncation error

O(hd). The results may

2 _
a: TR Dr¢o . =
L
. 2 _
J.\l
2 -
2
2 _
d LT Dz¢o . =
2
2 -
e LB Dr¢o . =
3
2
f: B°L Dz¢o N
3
. 2
g: BR Dr¢o 5
4
2
h B'RD ¢ ‘ =
z2°0jp

be written as follows

TR(, - o) + O(h?)
TR(6, - ¢.) + O(n?)
- TL(65 - ¢,) + O(h®)
TL(p, - ¢,) + O(h?)
- LB(, - o) + o(n?)

BL(9, - ¢,) + On*)

= BR($; - ¢7) + o(h%)

- BR($, - 0,) + O(n%)

(c-33)

(C-34)

(c-35)

(c-36)

(c-37)

(C-38)

(c~39)

(C-40)
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By substituting the Egs. C-33, C-34,------ , C-39, and C-40,

respectively, into Eg. C-32, one has

M = - I, r; TR(§; + 6, = 26,)

=]
o

22 r, TL(¢3 + ¢2 2¢°)

L
o

Z3 r. BL(¢3 + ¢4 - 2¢°)

=i
o\

I, r; BR(9, + 6, = 26) (C-41)

=
Ch
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